Theoretical atom optics : light forces and band gaps in hollow optical fibres, input-output and atom stimulation by Hope, Joseph James
Theoretical Atom Optics: 
Light Forces and Band Gaps in 
Hollow Optical Fibres, 
Input-Output 
and Atom Stimulation 
Joseph James Hope 
A thesis submitted for the degree of 
Doctor of Philosophy at 
The Australian National University 
July 1997 
I 
J 
s; Joseph James Hope 
Typeset in Palatino by TEX and ~TE,X 2 
This thesis is an account of research undertaken in the Department of Physics, 
Faculty of Science, at the Australian National University between February 
1994 and January 1997. 
This research was supervised by Dr Craig Savage, but unless otherwise 
indicated, the work presented herein is my own. 
None of the work presented here has ever been submitted for any degree at 
this or any other institution of learning. 
Joseph James Hope 
30 January 1997 
I 
J 

111 
'I 
Acknowledgments 
The work presented in this thesis may be my own (unless otherwise indicated) 
but I owe my happiness, inspiration and ability to do any research at all to 
my family and friends. Above all, I would like to thank my supervisor Craig 
Savage for his well timed encouragements, his infectious enthusiasm, and for 
all his help over the last three years. I have been supported by an Australian 
Postgraduate Research Award. 
The support of my family, and my parents in particular, has always been 
unquestioning. I hope that they understand how much I appreciate all of their 
efforts. 
I have had the pleasure of sharing an office with, at various times, Glenn, 
Ping Koy, David, and Dan. You have all had a significant part in making my 
professional and personal life a joy, and for more reasons than I will bother 
specifying, I thank you. 
To everyone in the physics department, my thanks for collectively being 
the reason that the department is such a terrific working environment. For an-
swering a continual flow of stupid questions with patience and intelligence, I 
thank Mark Andrews, Jurgen Eschner, Allan Baxter, Ian Littler, David McClel-
land and my fellow PhD students. 
Thanks Andrew for your inexhaustible advice on all topics. Thanks Chuck, 
for your I1TEXtemplate and associated help. Thanks to Felicity, Hans and Allan 
for your administrative efforts. Thanks to my proof readers: Glenn, Tim, Dan 
and Mark: I would have missed at least one "qunatum" without you. (Ha! I 
wrote this before some of you knew that you were going to help ... The power 
of subliminal coercion. : ) 
Thanks to Brett, Geoff, Stuart, Glenn and Dan for gathering with me to 
examine various computer models. Thanks to Ping Koy, Glenn, Jo and David 
for distracting me with four or five games of Magic. 
I would like to thank Prof. Aspect for pointing out a possible generalization 
V 
of mv second paper, and my friends for not mentioning it aftenvard~. 
Thank you Nigel, because your existence makes me happier. I can ne\'Cr 
find you, but I'm glad you still manage to find me. Thanks go to Chris tor 
being a great training partner, and for pushing me in the right direction at 
exactly the right time. Thank you Chris, Bee, David and Nigel for being fan-
tastic housemates and climbing partners. Thank you Margie, for giving ITH: 
something to live up to, and for having a strength to which I can aspire . 
Janet, you are the roots of my heart. 
You were all there, and it mattered. 
• 1 
Abstract 
A new method for producing a mechanical potential for atoms with light fields 
is presented. This method involves a Raman transition instead of a two-level 
transition, and it allows potentials to be created for very cold atoms with 
greatly reduced spontaneous emission. 
The band structure of the energy spectrum of atoms in a hollow optical fi -
bre waveguide is calculated. The existence of a gap in this spectrum is demon-
strated, and applications of this band gap are proposed. 
The optical input/ output theory is generalized to atomic fields, and d y-
namical equations are produced and solved for a single mode atom ic cavity 
coupled to the freely evolving external modes. 
The emission of a photon is shown to be stimulated by the presence of 
a Bose-Einstein condensate. The feasibility of this experiment is examined. 
The atom-stimulation of a nuclear process (beta decay) is also calcula ted , and 
shown to be infeasible for current experiments. 
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Introduction 
'The messenger collapsed on the steps of the Acropolis. 
He delivered the news from Marathon before he died.' 
Chapter 1 
-R. Zelazny, Roadmarks 
Quantum mechanics states that every piece of matter must be described by 
a wavefunction rather than merely a position and a velocity. Although this 
fundamental theory has been understood for the largest part of this century, it 
has only been during the last fifteen years or so that it has had much relevance 
to anything larger than a neutron. Atom optics is the study of the wavelike 
nature of atoms, and the construction of devices that observe and utilize their 
quantum mechanical nature. This wavelike nature is normally unobservable, 
because the de Broglie wavelength is smaller than the atom itself at room tem-
peratures. In fact, it requires temperatures as low as microKelvin to produce 
atoms with wavelengths on the order of micrometres. 
Atom optics has become a growing field and atom optical devices have 
been made feasible by the advent of laser cooling and trapping. Optical tech-
niques have proved very useful in creating and manipulating very cold sam-
ples of atoms. In conjunction with evaporative cooling, it has become possible 
to produce a sample of atoms whose wavelength is larger than the average 
interatomic spacing, which is the main requirement for producing a Bose-
Einstein condensate. At these temperatures, it is possible to examine the ef-
fects of the quantum statistics of the atoms, as the classical approximation of 
the distinguishability of individual particles breaks down. 
The construction of analogues of optical devices using a toms is a primary 
goal of atom optics. In particular, atomic interferometers can be used to mea-
sure gravitational and inertial effects with unprecedented accuracy. They can 
also measure atomic parameters such as polarisability and refractive index. 
Such interferometers require the existence of large angle coherent beam split-
ters, atomic mirrors, and a highly coherent, bright atomic source. The most 
successful techniques for manipulating atoms involve various kinds of light 
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induced forces, or strong static magnetic fields. The sensitivity of these inter-
ferometers is limited by their size, which is in turn limited by the cohcrcnr ,_") 
length of the atoms. This means that atoms must travel in ultra-high vacuun1. . 
Using hollow optical fibres or other atomic waveguides to transport the aton1 
in such devices may turn out to be very important in allowing them to be con-
tructed on a large scale. 
1.1 Thesis Plan 
This thesis is arranged as follows: 
In this chapter we will briefly review the optical forces available to ma-
nipulate atoms, and their limitations. We will also review the methods and 
limitations of current cooling techniques. We will then introduce the concept 
of Bose-Einstein condensates, and briefly describe the status of current c>-.per-
iments involving this new state of matter. Finally, we will previevv the major 
results of this thesis. 
In Chapter 2 we will review the practicalities and possibilities for utilizing 
hollow optical fibres as atomic waveguides. This chapter will include origi-
nal work in the examination of the effects of non-linear optical processes in 
reducing the coherence of the atoms in the fibre. 
In Chapter 3 we will introduce an original method for manipulating atoms 
by utilizing a Raman transition to produce a potential. The advantage of this 
scheme is that it allows small potentials to be generated with c1 rnuch lower 
spontaneous emission rate. This is important, as the spontaneous emission 
of photons is the factor which limits the coherence of atoms 1n an optically 
induced potential. The increased coherence available from using this potential 
may allow extremely cold atoms to be manipulated by optical methods, which 
are typically more flexible than magnetic fields . It also allov.1s n1any of th 0 
applications of hollow optical fibres discussed in the following cha ptcrs to bn 
realized. 
In Chapter 4 we show that it is possible to produce a band gap 1n the cncrg\ 
spectrum for atoms being guided by a hollow optical fibre. This bc.1nd gap 
may be used to produce many effects including a velocity selecti\·e \vavegu1dc . 
Since the band gap is produced by interaction with an optical potential, 1t ma\ 
be altered while the atoms are being guided. Such a dynamic band ~tructur0 
has not examined before, but may lead to such effects as cooling . 
In Chapter 5 we derive a theory for the input and output of atoms from an 
a tomic trap. This theory may be applied to a model for an atom laser, \vhich 
rnay be the ideal atomic source for atom optics experiments. We detern1.inc th(.) 
conditions required to produce an output with a verv small line\vidth. 
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In Chapter 6 we demonstrate that it may be feasible to produce an exper-
iment which can detect the atom-stimulation of a photon emission due to a 
BEC. In Chapter 7 we use similar calculations to examine the feasibility of 
stimulating the emission of a massive particle. In particular we examine the 
stimulation of the process of beta decay. 
1.2 Light Forces 
1.2.1 Spontaneous Forces 
The simplest force that can be produced by a light field is the force due to ab-
sorption and spontaneous emission of photons. If an atom is in a light field, 
it may absorb a photon from the field, which will give it a momentum kick in 
the direction of the beam. It will emit a photon in a random direction. Over a 
large number of absorption and emission cycles, the random kicks will aver-
age to give a zero net momentum transfer, while the kicks from the absorption 
will add to give a force directed along the direction of the beam. This force is 
not quite as crude as it seems, as the doppler shift will bring the atoms in and 
out of resonance with the incident light field, so the spontaneous force can be 
made velocity selective by using a light field with a narrow linewidth. 
Although this force is very strong, its major drawback is that it can only be 
used in a dissipative manner, as each photon emission destroys the coherence 
of the atom. 
1.2.2 Dipole Force 
By contrast to the spontaneous force, the dipole force is conservative, and can 
be described by a potential. A laser field will produce such a potential when it 
is highly detuned from an electronic transition in the atom. There are several 
useful pictures for understanding the physics behind this potential, and we 
will present two of these rather than derive the form for this potential, which 
can be found in many references [1-5]. The potential V is proportional to the 
square of the Rabi frequency Q of the laser field, and inversely proportional to 
the detuning ~' 
V = nf22 
4.6 (1.1) 
where the detuning ~ is positive when the laser frequency is larger than the 
transition frequency. When the detuning is positive, the atoms are repelled 
from the regions of higher laser intensity, and when it is negative, the laser 
field attracts the atoms. Near resonance, the excited state has a non-negligible 
population, and the spontaneous force dominates . 
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The simplest explanation for this phenomenon is based on the drc~~ed ~tat,, 
picture [1, 6] in which we consider the total Hamiltonian for the a to1T1-ligh t 
interaction and diagonalise it. The diagonal basis is called the dre~~cd ~ta t 
basis, and the dressed states are a superposition of the atomic and photon1 
tates. The eigenvalues of this Hamiltonian are shifted from the "bare" atoITuc 
energy levels by an amount which depends on the Rabi frequency. Thi~ light 
hift is what is acting as a potential. 
We can also understand the exact form of the potential by considering the 
population of the excited state of the atom. In the limit of large detuning, vvn 
know from the optical Bloch equations that the population of the e'\.citcd statn 
of the atom is small, and equal to (D./2~) 2 . However, for each tran~ition that 
the atom makes to the excited state, it is receiving either too much (~ > 0) or 
too little (~ < 0) energy from the photon. This energy difference is g1 ven b., 
h~, and it must come from (or go to) the kinetic energy of the atom. Thcretore 
as an a tom moves within the field, the population of the excited s ta tc ( ~ ~ ~ ~ l .! 
times this energy difference h~ is acting exactly like a mechanical potcntic1l or 
the f Orm h n 2 ( 1.::::.. 
The main limitation to this potential is that the weak excited state popul t1-
tion may cause a spontaneous emission event to the ground state, \\'h1Lh \\ ill 
ca use a loss of coherence for the a tom. 
1.2.3 The effect of spontaneous emission on atomic coherence 
One of the simplest measures of the first order coherence of a de Broglie \\',1\ ' 11 
is the visibility of fringes in an interference experiment. The lo~~ of coher-
ence due to a spontaneous emission event has been measured in th1<-, \\ ',1\ tor 
metastable Helium atoms [7]. If a de Broglie wave can be described by ll purl\ 
wavefunction \ll (x L then the phase information in this wavefunction \vill lcad 
to the presence of interference fringes in (for example) a two ~lit c,pcnn-1cnt 
Under the presence of a spontaneous emission event thi~ wavefunct1on \vill 
gain a "kick" and become the new wavefunction \lf (x )r-i k x where/, k I'-> thn 
momentum of the emitted photon. This random shifting of the pha~e of thn 
wa vefunction lowers the coherence, and therefore suppresses 1n terfcrcnc..c ef -
fect~ . 
The standard definition of the first order spatial coherence r/ 1 lr '/ J for t·1 p,n -
t1 cle de<-,cribcd by a wa vefunction o( z) i 
(I) - (: ' - .:) ¢(.:- ' ) d:_ ( l 2) 
Thi~ coherence is proportional to the Fourier transform of the momentu,n d1---
tnbution of the atom. This can be generalised to a statistical mixture ot aton1 
§ 1.3 Cooling 5 
described by a density matrix p: 
gU) == Fz { I ( k)} (1.3) 
where I ( k) == ( k IP I k) is the momentum distribution of the object, and F 2 is 
the Fourier transform. From this we find that an isotropic photon emission 
will reduce the coherence by a factor of si nc( kz). This is because the photon 
emission will spread the atomic momentum distribution by a convolution, and 
the sine function is the Fourier transform of that spread. Atoms which are 
below the recoil limit have a spatial coherence length which is much larger 
than this function, so their coherence is destroyed. 
The destruction of coherence as measured by this parameter will mean that 
atoms which undergo a spontaneous emission will thereafter not produce in-
terference effects. The incoherent background of an interference experiment 
will therefore be equal to the proportion of atoms which have undergone a 
spontaneous emission, even in the absence of other decohering processes. 
1.3 Cooling 
There are many methods of cooling, but they may be divided into two main 
categories. The first involves the spontaneous emission of photons as the dissi-
pative part of the process, and the second involves the removal of atoms from 
the sample. 
The spontaneous force can be used to cool atomic samples . The doppler 
effect can be utilized by using a red detuned laser, which means that an atom 
will preferentially absorb a photon moving in the opposite direction to its own 
motion. This will damp the motion of the atoms in an atomic sample, and 
they will be cooled. The energy is lost to the spontaneously emitted photons. 
The minimum temperature attainable by this process, called the doppler limit, 
occurs when the doppler linewidth of the transition is too large for the detun-
ing of the laser beam to discriminate between atoms which are approaching 
the beam and those which are moving away. Using Raman transitions, which 
have extremely narrow linewidths, it is possible to produce extremely good 
cooling for which the doppler limit is actually extremely low [8]. 
Temperatures below the doppler limit can be achieved by spatially depen-
dent optical pumping. It is possible to produce cooling through spontaneous 
emission by placing the atoms in a field with periodically varying polarisation 
[9]. In this configuration, the atoms are in a periodic potential due to light 
shifts of the atomic levels. A careful study of the light shifts and spontaneous 
emission probabilities shows that an atom is more likely to emit a photon at a 
peak of the light shift, and find itself at the bottom of the potential for the other 
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dressed state. This means that on average the atoms will lose energy through 
spontaneous emission until they cannot travel freely across the peaks of thn 
light shift potential. This so called Sisyphus cooling has a minimum tempera-
ture, called the recoil limit, where each atom has the kinetic energy that \VOuld 
result from the emission of a single photon. 
The recoil limit can be avoided by arranging the light fields so that there i 
a "dark state" around zero momentum which does not interact vvith the light 
and will not absorb another photon. The atoms are excited, and spontaneousl 
emit photons until they happen to land in the dark state, whereupon they stop 
absorbing. The most successful method of dark state cooling is called velo· -
ity selective coherent population trapping (VSCPT) [10], and the dark state i~ 
actually a superposition of internal states with zero dipole moment. This tech-
nique has no theoretical minimum temperature, but is practically limited in 
current experiments to a little below the recoil limit. 
The lowest experimental temperatures have been achieved by evaporativ 0 
cooling. This is a standard cooling method in which atoms are trapped in a 
thermal equilibrium and the hottest ones are allowed to escape (or are forcibl1 
removed), and the remaining sample is allowed to rethermalise. This is done 
in a magnetic trap so that there are no losses due to photon recoil, and thn 
atoms with the highest energy are removed from the sample by changing their 
magnetic sublevel to an untrapped state with a frequency stabilized radio sig-
nal [11]. Temperatures achievable by this method appear to be limited by col-
lisions with the background gas. The number of atoms in the final sample i~ 
limited by the fact that the cooling process removes atom...,. 
1.4 Bose-Einstein Condensation 
As temperatures get lower, and the wavefunctions of the atoms overlap. their 
behaviour begins to depend on their quantum statistics. If the atoms arc boson" 
the symmetry of the wavefunction causes them to have remarkable propert1e':>. 
The Bose-Einstein distribution (BED), which describes the energy spectrum 
of atoms in thermal equilibrium, has a threshold at low temperature beloVv 
which a macroscopic proportion of atoms will "condense" into the ground 
state. This phenomenon, known as Bose-Einstein condensation (BEC), ha'-> 
been realized in recent experiments [12-14], where samples of rubidium and 
1..,odium atoms have been condensed. A quantum degenerate sample of lithium 
atoms has also been produced [15]. 
The physics of a SEC is as counterintuitive as the light inside a laser cav-
ity, the electron pairs in a superconductor and the atoms in a superfluid. In 
fact, the physics behind all of these phenomena is identical, but in the BfC or 
§1.4 Bose-Einstein Condensation 7 
a weakly interacting gas, the effects of the quantum statistics are more easily 
separated from the effects of the particle interactions in the case of superfluid-
ity or superconductivity 
The theory of condensates and their dynamics is an extremely active topic. 
A review on the basic theory of BEC can be found in references [16-19] . There 
has been extensive examination of the effect of the sign of the scattering length 
on the formation a BEC [20-22]. There have been calculations which directly 
model the results of the early experiments [23-25]. The phase diffusion of a 
trapped BEC has been calculated, and it has been proposed that this phase 
diffusion may be measured by scattering of far off-resonant light [26]. The 
effects of scattering light off condensates has been calculated in several limits 
[18, 19, 27, 28], and the effects of light on the interatomic collisions have also 
been determined [29-31] . 
The presence of atom-atom interactions allows the possibility of many non-
linear effects in atom optics, some of which have been predicted [32-36]. The 
tunneling between two Bose-Einstein condensates has been examined [37, 38], 
and the interference of two separate condensates has been investigated theo-
retically [39-43]. This has led to an understanding of the equivalence of a BEC 
which has formed with a well defined but randomly chosen phase (sponta-
neous symmetry breaking) and a BEC which is in a number state where the 
number of atoms in each sample is initially unknown. 
Bose-Einstein condensates have been excited to observe the excitation spec-
trum [ 44, 45], which have agreed well with theoretical predictions [ 46, 47]. They 
have been detected in a nondestructive manner [48], produced with as many 
as ,5 x 106 atoms [14] and temperatures as low as 20nK [12]. Two overlapping 
condensates of atoms in different magnetic sublevels have been produced by 
sympathetic evaporative cooling [49]. Experiments have also been made to 
couple the atoms coherently out of the BEC into an untrapped state [50]. 
1.4.1 Atom Laser 
It seems natural to want to produce a coherent source of atoms for atom optics 
experiments. The large number of atoms in the ground state of the trap, which 
occurs during the production of a BEC, seems to be an ideal starting point for 
designing such a device. If a similar process could be used to produce a sample 
of atoms inside a trap continuously, and the trap had some weak coupling to 
the outside world, then it would be possible to make an analogue of a laser 
for atomic bosons instead of photons. There are currently many models for an 
atom laser [51-59]. 
We have modeled an atom laser by considering a trap produced within an 
atomic waveguide, and with an output coupling provided by a Raman transi-
J 
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tion into an untrapped state [59]. This system appears to be a reasonable can-
didate for the design of an atom laser which can then deliver atoms directl 
into an optical system. 
1.5 Summary of Major Results 
The major results of this thesis are as follows: 
(1) Non-linear effects in hollow optical fibres do not reduce their effe, -
tiveness as atomic waveguides. This work has been published in the proceed-
ings of Seventh Rochester Conference on Coherence and Quantum Optics [60] . 
(2) A Raman transition may be used to produce an optical potential 
for very cold atoms which does not have the disadvantage of decoherence 
through spontaneous emission. This work has been published in the Phvsical 
Review [61]. 
(3) It is possible to produce gaps in the energy spectrum for atoms guided 
by a hollow optical fibre. These band gaps may be used to produce velocit 
selective components for atom optics experiments, and atoms may be cooled 
while they are being guided. This work has been published in the Phvsical 
Review [ 62, 63]. 
(4) An input-output theory for atoms coupled to an atomic cavity can 
be formulated and solved analytically in terms of simple mathematical tech-
niques. This theory is applied to current and proposed experimenb, and 
shows that a narrow linewidth may be obtained by: 
(i) a narrowband output coupling, orb 
(ii) coupling the atoms out of the cavity sufficiently slc.Hvly. 
This work has been published in the Physical Review [64]. 
(5) It is feasible to conduct an experiment to measure the ntonz-stimulat1on 
of the emission of a photon. A BEC with the number of atoms currentlv avail-
able in experiments will be able to increase the total emission rate by mor 
than a factor of ten. If the photons are detected over a small solid angle, then 
the signal to noise ratio of stimulated to spontaneous emission is larger than a 
thousand. This work is a generalization of a paper \vhich has been public,hed 
in the Phvsical Review [ 65]. 
(6) The ntonz-stimulation of a nuclear process has been exa1n1ncd, and 
I 
II 
111 
§1.5 Summary of Major Results 9 
found to be infeasible with current experimental conditions. This work has 
appeared in Physics Letters [66]. 
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Chapter 2 
Hollow Optical Fibres 
Overview 
This chapter reviews the possibilities for using hollow optical fibres as atomic 
waveguides, and examines some of the practicalities that may limit their use. 
The original parts of this work have appeared in the proceedings of Seventh 
Rochester Conference on Coherence and Quantum Optics [ 60]. 
2.1 Introduction 
As atoms become cooler, they become extremely slow, and gravity becomes an 
important factor. A waveguide can support the atoms, and negate this prob-
lem. Background gas collisions are very destructive to long term coherence, 
so experiments must be performed in ultra high vacuum. Transporting atoms 
through long distances will therefore be more practical with some kind of vac-
uum isolated atomic waveguide. It has been proposed that an optical fibre 
with a hole in the centre of the core can be used to guide atoms [67, 68] . This 
has already been demonstrated [69-71]. A review of the theory behind these 
waveguides and the earlier experiments has been produced by Dowling and 
Gea-Banacloche [72] 
There are many problems that may arise when utilising hollow optical fi-
bres to conduct atoms coherently. Most of these involve the presence of the 
glass close to the atoms, which can interact with them in several different 
ways. The first is through the van de Waals interaction, or more properly 
the Casimir-Polder force, which could attract atoms to the surface. A sec-
ond form of dispersive interaction is through non-linear processes in the glass 
which may produce light which is frequency shifted towards resonance, caus-
ing greater spontaneous emission losses . 
11 
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2.2 Hollow Optical Fibres 
Hollow optical fibres which carry light in the glass core have an evanescent 
field which penetrates the hollow in their centre. If this light is detuned abo\' 0 
a transition in the atom, then the atom will be repelled from the walls by the 
dipole force. The fibre can therefore guide atoms along their hollov.r centrr' 
region. If a red detuned laser can be guided by a fibre such that the in ten~ it>'' 
is at a maximum in the hollow centre, then the atoms will be attracted to th 
centre and can be guided by the fibre. A toms can therefore be guided by a 
hollow optical fibre in either of these situations. The red detuning method has 
the disadvantage that the atoms spend a large fraction of their time interacting 
strongly with the field. This produces a larger population in the excited state 
and therefore a higher spontaneous emission rate. When a blue detuned laser 
is used to repel the atoms, there are lower spontaneous emission losses, as th 
atoms spend less time interacting with the strong field. 
The red detuning scheme was first discussed by Ol'Shanii et nl. [73], \\'ho 
suggested that a beam could be guided down the hole in the centre of a fibr" 
by grazing incidence reflection and that atoms could be guided in this bcan1 
if it was red detuned from an atomic transition. This was first realised e>-.pen-
mentally at JILA [69], where a straight segment of a glass capillary tube \V1th a 
length of approximately :3cm and hollow d iameter of 10pm was used to gu1dl') 
rubidium atoms. A tunable laser was gu ided along the hollow part of the fibrn 
by grazing incidence and the atoms were found to be strongly guided when 
the laser was tuned about 4GHz below the a tomic D2 resonance . The atorn1C. 
flux was increased by a factor of approximately three over the large deturung 
limit. The flux of atoms which went straight through the fibre was red uccd b\ 
a similar factor when the laser was tuned above the resonance frequencv, and 
the a toms were repelled by the light towards the walls. 
Savage et nl. proposed the concept of a hollow optical fibre waveguide in 
which the light was carried in the glass, and the atoms were guided a\vay tron1 
the walls of the hollow by the evanescent field penetrating the vacuu1n [ 67, 68) 
The advantage of this technique was simply that the atoms spent les.., time in-
teracting with the light field, and would therefore experience less spontaneous 
emission events. This is extremely important, as spontaneous emission Jo..,..,c.., 
destroy the coherence of the atomic field. Atoms have been reported to hc.1\ ''' 
been guided by evanescent waves by two groups. The first, at JILA, U'-ied a 
fibre with a 201tm diameter hollow in the core to guide rubid1un-1 aton1'-i. Thn 
best result that was reported was a flux enhancement of a factor of three O\'Cr 
the ballistic flux. This occurred at an optimum blue detuning of .{ GHz. Thn 
second group of experiments by Ito et al. [71] were more prom1s1ng. They \vcr 0 
abo guiding rubidium atoms, but managed a factor of 20 1mpro\'en1cnt over 
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the ballistic flux . The guided flux was sufficiently sensitive to the detuning 
from the atomic transition that the F=2 and F=3 hyperfine levels could be re-
solved and guided independently. Furthermore, the hollow part of the fibres 
had diameters of 7 µm and 2µm, which is much closer to the regime where 
the guided light may be in a single mode of the fibre. Micron sized atomic 
waveguides are also required to have well spaced transverse structure. This 
is important when trying to produce such effects as band gaps, which are de-
scribed in Chapter 4, or some models of atom lasers, such as one produced at 
ANU and mentioned in Chapter 5. 
Atomic interferometers are one device in which hollow optical fibres are 
expected to be useful in transporting atoms. The atoms in an interferome-
ter must experience an ultra-high vacuum, or the atomic coherence length is 
severely reduced. As the size of these interferometers is increased, however, it 
becomes harder to produce an ultra-high vacuum. Hollow optical fibres have 
been demonstrated to be able to solve this particular problem as they can be 
"flushed" with helium, which will then diffuse through the glass. The glass 
is then opaque to the rest of the external atmosphere, so large sections can be 
brought down to a suitably low pressure in reasonable time. 
Hollow optical fibres may be a practical way to produce very small scale 
confinement for atoms, as the dimensions of the interior hole can be made very 
small. It is also feasible to shine light transversely through the sides of the fibre 
to produce an atomic cavity. 
2.3 Casimir-Polder forces 
The glass walls will attract the atoms in the hollow core through the short 
range Casimir-Polder force. In the limit of a large fibre, it has already been cal-
culated that the effect of this force will be to approximately halve the potential 
barrier seen by the atoms [67]. Since we are usually interested in atoms which 
have much less energy than the height of the optical potential, they should still 
be well confined. 
Unfortunately for smaller core radii the effect of this force could possibly 
be more pronounced. The exact nature of the Casimir-Polder force in cylindri-
cal geometry is unknown, but it is expected that the effect of this interaction 
will be to lower the barrier height by a similar factor as for the large radius 
limit. This means that calculations of the atomic modes for small core radii 
will only be accurate for energies that are very much lower than the maxi-
mum barrier height. Fortunately these are usually the most interes ting atomic 
modes. 
i 
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2.4 Non-linear processes 
The existence of glass in the waveguide will inevitably produce !:,Offle non-
linear effects as well as guide the light. These non-linear processe!:> prod ucc 
photons of different frequencies to the original beam which may cau!:>e un-
wanted excitation of the excited state. This would occur if the field vvas !:,hifted 
closer to resonance, which would mean that the spontaneous emission lo!:,~C~ 
could be greatly increased. The two possible processes by which photon!:> of 
different frequency may be generated are Raman scattering and Brillouin scat-
tering. Both of these processes are very weak as spontaneous proces!:>e!:,, but 
in optical fibres a stimulated process can occur as the photons from earlier 
scattering events cause an enhancement of the scattering rate. 
2.4.1 Stimulated Raman scattering 
Raman processes can occur in the glass of an optical fibre. If some of the pho-
tons are absorbed by a transition in the glass and re-emitted into cl different 
ground state, then there will be a corresponding frequency shift for that pho-
ton. Depending on the parameters of the fibre, this frequency shifted photon 
can then stimulate a second Raman transition, causing a non-linear gain 1n th1~ 
secondary beam. In some fibres it is possible for this secondary beam to even-
tually take all of the power of the original beam. We require the light to ha vc cl 
particular well defined detuning relative to the atomic resonance, so we rnust 
ensure that this non-linear process creates a negligible number of photons. 
Raman scattering causes a forward and backward traveling Stoke~ beam to 
propagate in the fibre with differing intensities [74]. The ratio of the p<.)\'\' Cr 1n 
the forward scattered beam to the input power, J), of the light, at c1 d1stc1n cc rl 
from the start of the beam, is given by 
(2 1) 'T . \ ----- ( /J :1 H. L,. I tf .\ 
vvhere ~ llfuhn is the full width half maximum around the peak in the gain pro-
file for the Raman scattering, o is the decay (absorption) rate for both beclff1 s 
in the fibre, L"11 = (1 - c.rp(- o 11 cl )]/o is the effective length of the fibre , .r/N 1s 
the peak of the Raman gain profile, u.-'s is the frequency of the gain pec1h., and . \ 
1s the effective cross-sectional area of the fibre. 
The ratio of the power in the backward sea ttered beam 1s g1 , ·en b) 
[' ( h ' _j. H H . d) = ~ 5 L, J ·L rw 11 . \ > 
1/:i g3 J 3 H . 
L,, I I j ,, \ (2 2) 
• 1 
I 
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The parameters in the above equations have typical values (taken from ref-
erence [74]) of ~vfwhm ~ 3 x l011 s- 1, a= 1/(lOOOOrn) , gR = .S x 10- 12 m/ vV, 
A ~ 10- 11 m 2 and ws = 13.2THz. Using these values, we find that for lengths 
of the order of a metre, there was no time for the Raman scattering to produce 
a stimulated beam. The spontaneous Raman scattering is far too weak to limit 
the coherence time of the atoms. This effect will have to be considered more 
carefully if the atoms are carried for distances of the order of several kilome-
tres. In that case, the atoms would experience a weak Stokes laser field that 
will have a peak around 13THz below resonance, and a linewidth of 3THz. 
2.4.2 Stimulated Brillouin scattering 
Stimulated Brillouin scattering is an extremely similar problem to stimulated 
Raman scattering, except that the photons are scattered off the phonons in the 
glass rather than the internal structure of the atoms. In the Brillouin scattering, 
there is only a backward traveling wave. The ratio of the power in the scattered 
beam is given by 
F (d) = fi Ws ~ B r i ll k T 
B 2 Vf w h m W a 
A3 
-p 5 g 3 £3 ePYB L,, 1 i/ .4 
B e f J 
(2.3) 
where ~vf ;ht~ is the full width half maximum around the peak in the gain 
profile for the Brillouin scattering, T is the temperature, k is the Boltzmann 
constant, wa is the phonon frequency, gB is the peak of the Brillouin gain profil e 
and w8 is the frequency of the gain peak. 
As for the Raman scattering case, the gain is such that for the parameters 
given in reference [74], there will be only spontaneous effects. These are ex-
tremely small and this process will not produce a limit to the coherence time. 
If the fibre carries atoms for several kilometres then a stimulated beam will be 
generated with a peak around 10GHz from the original laser frequency and a 
linewidth of about 0.1GHz. These distances are not expected to be possible in 
atom optics experiments, so we conclude that these non-linear processes w ill 
not affect the atomic coherence. 
2.5 Spontaneous Emission 
As with all devices constructed using the dipole force as a potential for atoms, 
there is a certain level of spontaneous emission due to the partial excitation of 
the atoms. This spontaneous emission rate becomes higher when the atoms are 
immersed in a stronger light field. As hollow optical fibres are made smaller, 
16 HolloH· Optical Fibre 
v.;hich is necessary in many proposed atom optics e>-..periments, the atoms un-
avoidably spend more time in a larger light field. This means that spontaneou~ 
emission can destroy the coherence of the atoms, and some devices that ha\, ... 
been proposed later in this thesis are in fact limited by this effect. 
In the following chapter, \Ve describe a method by which it may be possible 
to produce an optically induced potential for atoms which avoids the problem 
of spontaneous emission. 
!lj 
Ill 
Mechanical Potential due to a 
Raman transition 
Overview 
Chapter 3 
This chapter describes how a Raman transition may produce a far-detuned 
optical potential for atoms and shows that the spontaneous emission rate may 
be reduced. This work has been published in the Physical Review [61]. 
3.1 Introduction 
The field of atom optics has made great advances by utilising the potential 
generated by light fields to create a coherence preserving method for manip-
ulating atoms [l]. As experiments are conducted at increasingly lower tem-
peratures, optical potentials are becoming less desirable due to the problem 
of maintaining the coherence of the atomic de Broglie waves against random 
recoils from spontaneously emitted photons. Maintaining atomic coherence is 
essential for applications such as atom-interferometry [75, 76] and experiments 
on Bose-Einstein condensates [12, 19, 27, 50, 65, 66]. For these applications, ex-
periments to date have utilised magnetic forces [lt 14L which are far less flex-
ible but have the desired stability. The band gaps for atoms in a hollow optical 
fibre, as described in Chapter 4, are limited by the spontaneous emission rate, 
and the proposed atom laser made from a hollow optical fibre, as described in 
Chapter 5, may also require a lower spontaneous emission rate to be practical. 
Atoms experience a mechanical force when there are spatial gradients in 
the atomic electric dipole interaction energy. Such gradients result from in-
homogeneous light fields, for example [3-5]. The resulting forces have been 
used in experiments to trap, reflect, and diffract atoms with evanescent fields 
[77-81] . When a two-level atom interacts with a far detuned laser, by which 
we mean that the detuning must be large compared to the Rabi frequency and 
the natural linewidth of the of the transition, it experiences a potential with a 
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height proportional to I ~' where I is the maximum light intensity and ~ i~ 
the atom-light detuning, positive for so called blue detuning. The a~~ociated 
population of the excited state of the transition, and hence the spontaneou~ 
emission rate, is proportional to I/~ 2 . For large enough detunings and inten-
sities the spontaneous emission rate can be made arbitrarily small while the 
potential remains fixed. For large potentials the minimum spontaneou~ emi~-
sion rate is limited by the available laser power. However for sufficiently lo,\: 
potentials it is limited by the maximum that the laser can be detuned fron1 thn 
transition without interacting with other atomic levels. 
In this chapter we extend the two-level scheme to a three-level Raman 
scheme. The key advantage of this scheme is that for potential barrier~ or 
the order of the recoil energy or less spontaneous emission rates can be greatl 
reduced. 
Raman transitions have been used for atomic cooling [8, 82] and to produc,) 
atomic mirrors and beam splitters. Atomic beam splitters utilise the J./1 ( n10-
mentum transfer to the atom due to large scale population transfer between 
levels by the Raman process [83, 84]. The interaction between two laser~ c1nd 
a .\ configuration three level atom is also used to generate the cooling proces~ 
known as velocity selective coherent population trapping (VSCPT) [5, 85]. Thn 
purpose of VSCPT is to cool atoms by populating atomic states with increc:1s-
ingly weaker interactions with the light. By contrast we are concerned with 
producing a general effective potential for atoms with which they can inter-
act for extended periods of time. If the problem of spontaneous emission can 
be controlled, this potential can be used to construct atomic optical device~ 
such as those based on hollow optical fibers [62, 63, 67, 68, 70, 71, 86]. It may 
also be used to provide optical potentials which can manipulate Bose-Einstein 
condensates for long periods of time, which will provide many advantage~ 1n 
flexibility over magnetic traps. 
The far detuned two-level mechanical potential can be quant1tat1velv c>-. -
plained as the product of the excited state population and the energy c>-.ce~~ 
Ii~ associated with exciting an atom. The difference between the photon and 
atomic energy appears as potential energy. This picture applies to the Raman 
case, Fig. 1, provided the additional contribution from the two-photon tran')i -
tion is included. This contribution to the potential is the product of the pop-
ulation in the extra level and the two-photon energy excess h e) . Ren1arkabl 
the total Raman potential has the same form as the two-level potential, \VJ th a 
scaled one-photon detuning. 
We will describe the Raman system and derive the form of the far detuned 
t,vo photon potential in section 3.2. In section 3.3 spontaneous emission in 
the t,vo-level and Raman schemes will be discussed, and the minimum rate 
of ~pontaneous emission for each scheme will be compared. Section 1.4: \vill 
j,, 
••1 
'I 
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Figure 3.1: Level scheme of atom and incident lasers. 
discuss the advantages of the Raman scheme. 
3.2 Derivation of the Potential 
We now describe our system in detail. The atom has three levels; two lower 
levels Jl) and 12), and an upper level l:3). The frequencies of the ll ) H l:3) and 
12) H 13) transitions are w 13 and w23 respectively. There are two light fields with 
frequencies w 1 and w2. The first has detuning ~ = u.-' 1 - u.-113 from the J l ) H I :3 ) 
transition, and the Raman two-photon detuning is J = ~ - (w'2 - w23 ) , see 
Fig.(3.1). 
The Hamiltonian of the system is 
p2 :3 
H = --) - + L nu.)~U)(JI + cLE(r). 
_J[ l . 
J= 
(3.1) 
where fiwJ is the energy of the level U), 1\;J is the mass of the a tom, P is the 
momentum operator, cL is the dipole moment operator, E( r ) is the total electric 
field of the two light fields, and r is the position vector of the atom. We use 
Cartesian coordinates: z is the direction of propagation of the light, and x and 
y are the orthogonal directions. The electric field is due to two traveling waves 
20 hanical Potential due to a Raman transition 
co-propagating in the positive .: -direction with wave numbers k1 and h'2 
h,( r ) = L c·m(:r . .i1) co~(u.-'nit - h\11::). 
1n= l , 
(3.2) 
Other geometries for the laser fields, such as counter-propagation, make no 
difference to our results. For example, if we were to make the beams coun-
terpropagating, the atoms would experience a two photon transition bet,·vccn 
two momentum states which had a larger momentum difference. This would 
not affect the following calculation. Making the rotating wave approximation 
and generating an interaction picture by rotating operators with the atorni 
Hamiltonian, 
Ila= hw~1 I l)(l I + h(w~ - 5)12)(21 + h(w~ + ~ )1 :3 )(:~. (3.1) 
we obtain the interaction picture Hamiltonian 
I If f> = 
p2 
2J I + h (512)(21 - ~ l:3 )( :3 1) 
L 
., [exp(£k1.: )('i d31 l:3 ) ( 11 + 
xp(ik2z)C12d32l:3)(21 + h.c. ]. (3 A ) 
where the d np = (n ldlJJ) are the dipole matrix elements. 
Let IJ . q) represent the atom in level IJ) with a momentum in the ~ -direction 
of hq. Then under the Hamiltonian Eq. (3.4) the states { I 1. q).12. q+/1·1-k2 > .. L r1+l.·1 )} 
are closed. For example, the action of cxp(ik2 z)l:3)(21 on the second state l. r1+1.· 1 -1.·}. 
gives the third state 1:t q+k 1 ). Assuming an initial .: -momentum eigenstate ,v 0 
can expand the atomic state I w) in terms of the coefficients q; ( .r. y) 
I \lJ ) = <' x p ( - z h q 'Lt/ 2 JI ) { \V 1 ( .r, y ) I 1. q) 
\V 2(.r.y)l2 .q+k1-k2) + W3(.r.y)l:Lr1+/,·1)}. 
These coefficients obey the Schrodinger equations, 
I lz r), \V 1 -h
2 
2 hD.1 
-
--\ Tw 1 + - \v 3· - 2.11 ,\ 
/ 2 
-l [ ' ) ) ] zhd, W2 - 2.,1 \ } - { ( (f + k1 - k 2 ) - - . r( } \JJ 2 -
hL.) 
+ ho\V2 + --w 1 . . \ 
ihrJ,w ~ 
/,2 
2 .I I [ \ } - { ( (f + h · 1 )'2 - r/ } ] \j; 
Ct::;) 
(3 h) 
(3.7) 
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!iJ:21 !iJl2 
- n6W3 + -'111 + -'112 , 
2 2 
(3.8) 
where nj = ld3jCj /nl is the Rabi frequency of field j, and v} 8; + ai. 
We now obtain a potential for the atom by adiabatically eliminating the 
levels 12) and 13), and requiring that the detunings are large enough to have a 
very low atomic population in those levels. We set all but the last two terms 
of Eq. (3.7) and last three terms of Eq. (3.8) equal to zero. This approximation 
is valid provided the detuning energies n6 and n6 are sufficiently large com-
pared to the transverse, recoil, and Doppler kinetic energies. We must assume 
that we are only interested in time scales longer than the inverse of these de-
tunings, and that the populations in levels 12) and 13) are sufficiently small. 
This approximation is clarified by Fourier transforming the Eqs. (3.6,3.7,3.8) to 
frequency space. Setting the time derivatives equal to zero is then equivalent 
to considering only the frequencies that are small compared to the detunings 
and the Rabi frequencies. With this approximation W 2 and w 3 can be expressed 
in terms of W 1 by 
n1 
w 3 = 2( s 6) w 1 ' 0102 W1. W2 = - --k5(.S ~ ) 
where we have defined the quantity 
0 ~ C'-1+-- - -_ 
.__, = 4~ 6 
(3.9) 
(3.10) 
After this adiabatic elimination the Schrodinger equation for the atom in level 
11) can be expressed in terms of an effective Raman potential 1 2 
· t ;..1 1 Tr - (l, '2 \I ') 1 Tr { · ( ' ' ) l Tr 
lrlU t '!' 1 = - \1 y'!' 1 + I .2 .f . _lJ '!' 1· 2111 (3.11) 
n -J nH1 
"'2 (.i' ' y ) = 4 ( s ~ )° (3.1 2) 
This Raman potential has the same form as the two-level far detuned poten-
tial [2], !i,D,i / 46, with the detuning 21 scaled by the factor S. When the second 
laser is off, n2 = 0, so S = 1 and the potential reduces to the two-level case. 
However, when the second laser is on, the scaled detuning S .6. can be orders 
of magnitude larger than the maximum detuning allowed by the two-level ap-
proximation. 
Particularly because of its similar form, we might imagine that this two-
photon potential is simply the dipole potential for a two level atom with a 
light shift of the upper level due a second laser. Such a shift of the upper 
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level is called the Autler-Townes shift and would be equal to a trequenc) 
of ( Jn~ + (~ - o) 2 - ( ~ - o)) . As previously described, the potential \ 2 can 
also be obtained by summing the energy differences between the photon and 
atomic energies associated with the popula hons in levels 1 and :) ) 
\ ~(i ,y) = (hJ)I W2I (h ~ )I W31 2 . (3.13) 
This expression demonstrates that the Raman potential is not ~imply due to an 
Autler-Townes shift of level 13) by laser two, which would be ~everal orders of 
magnitude too small. 
3.3 Comparison of Spontaneous Emission Rates 
Any device for manipulating atoms while maintaining the coherence of their 
de Broglie waves has a maximum acceptable spontaneous emission rate, vvhich 
is determined by how long the atoms interact with the field. We have shcnvn 
in section (1.2.3) that the coherence of an atomic beam can be limited by spon-
taneous emission. We assume that spontaneous emission fron1 le\'el I:.! ) 1~ neg-
ligible, either because it is close to ground or because it is metastable. The total 
spontaneous emission rate from the upper level 13) to the lower levels 11) and 
12), r2, is given by the population in l:3) multiplied by its linev:idth ~ .. From 
Eqs.(3.9) this is, 
D_2 
r - --- l 
2 - I 4( .~· ~) (3.14) 
This expression is true under the approximation l\ll 1 2 = I, cons1~tent with th 0 
conditions for the adiabatic elimination. This spontaneous cn-u~~1on ra tc hal.., 
the same form as for the two-level case, 
()2 
LI 
r1 = , 
1
~2 · 
with the detuning ~ again scaled by the factor .(,'. 
(l.lS) 
We next compare the spontaneous emission rates of the t\,vo-le,·el and Rc.1 -
man schemes under the practical constraints of limited po\ver per field and 
a maximum allowable detuning of ~ma,· The maximum pov,·cr 1s C\.prcssed 
as a maximum Rabi frequency per field, Dma,· We fix the required potential 
height at \ ·. Depending on \ · the minimum spontaneou':> en11~-,1on rate ot th(.) 
tvvo-level scheme r, .min is then either power limited 
• ' ) 
·J '"',' , ,, ~ 
I' Lmin = h 2 D.ma x or \.' > \ ~nt. (1.16) 
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or detuning limited, 
r _ _ , 11 
1,mm - /i6. , for V < 1~ rit , 
max 
(3.17) 
where Vcrit = /iD~ax/( 46.max)· In the detuning limited case the minimum spon-
taneous emission rate of the Raman scheme r 2 ,min is achieved by maximizing 
the detuning 6. = 6.max and the intensity of laser two D 2 = Dmax, 
,v 
) 
r 2,min = 1i5opt6.max 
(3.18) 
where S'opt is the value of the scaling parameter which minimizes the sponta-
neous em1ss1on, 
Sopt = 1 + Z + V( 1 + Z) 2 - l 1 
Z ~p Vcrit. 
2 2 1/ 
(3.19) 
(3.20) 
The population in level 12), P2 , has been fixed at a sufficiently small value to 
satisfy the adiabatic elimination conditions. This constrains the laser intensi-
ties and detunings. Using Eqs. (3.10) and (3.12) we can find the Rabi frequency 
of laser one, 01 ,opt, and the two-photon detuning, 6opt, which minimize the 
spontaneous emission. In terms of S'opt they are: 
2 -
nmax , ) r21 ,opt-
6op t = 46max ( .S'op t - 1) 
4S'opt~max ii . 
rz 
(3.21 ) 
Examination of Eqs. (3.17) and (3.18) shows that the relative decrease in the 
spontaneous emission rate gained by using the Raman scheme in the detuning 
limited case is given by the parameter S'opt· Fig.(3.2) shows this improvement 
in the spontaneous emission rate. The ratio of the spontaneous emission rates 
in the Raman and two-level schemes (f 2,mm/r 1,min ) = l / S0 pt is plotted versus 
the dimensionless potential 1/ / i ~rit. 
Whether an experiment is detuning limited depends on the choice of atomic 
transition. The laser cannot be detuned too close to the next highest tran-
sition, or that transition will become dominant. For example, in metastable 
neon the transition (3s[3/2h --+ 3p[5 /2h ) is 5 THz above the commonly used 
(3s[3/2h --+ 3p[,S/2h) transition. Although some of the allowed transitions may 
be avoided, there are always unavoidable transitions as well. For example in 
sodium there is an unavoidable (3 2 S'1; 2 --+ 42 P3; 2) transition 399 THz above the 
(3 2 5 1;2 --+ 32 ?3;2) transition. 
Fig.(3.3) shows the minimum spontaneous emission rates of confined atoms, 
r 1,min and f 2,min, obtainable as a function of the potential barrier height, using 
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Figure 3.2: Rat10 of the minimum spon taneous emission rate.., tor the l\\ o-le\'el and Rc1mc1n 
c,chen1es l' '.! min/l' 1 min as a function of the dimensionless potential height \ ) \~rit · fhc plot 
demonstrates the reduced spon taneous em1ss1on rate of the Raman :,Cheme. The populc1t1on 
of the ..,econd level is fixed at P'2 = 0.0 l. 
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Figure 3.3: Minimum spontaneous emission rate from the two-level schemer i ,min, Eq.(3.17), 
and the Raman scheme r '.2 ,min, Eq.(3.18), versus the potential height F for two maximum 
detunings: 6.max = 2rr x 200 THz (solid lines), 6.max = 2rr x 2 .. 5 THz (dashed lines) . The 
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appropriate for sodium were used: Dmax = :300 GHz (280 kW cm- '2 ), r = 63 MHz, P'Y. = 0.0 l, 
Er ec = l..S X 10-:!9 J. 
two extreme values for the maximum allowable detuning. We assume that 
it is not feasible to blue detune by more than half of the distance between 
the confining transition and the higher transition, so we consider examples 
where ~max /211 is 2.5 THz and 200 THz. The Raman scheme is limited by the 
available power, whereas the two-level scheme is limited by the maximum de-
tuning constraint. To fulfill the adiabatic elimination conditions we fixed the 
population of level 12) at one percent of that of level 11), P2 = 0.01, by con-
straining the parameters. Fig.(3.3) shows that the Raman scheme has a much 
lower spontaneous emission rate for sub-recoil energy potentials. 
The Raman scheme can also allow larger actual detunings. With the second 
laser off, the sign of the potential is the same as that of the detuning ~ be-
tween levels 11) and 13). However if ~o < 0 and the second laser is sufficiently 
intense, the scaling factor S', Eq. (3.10), can be negative and the potential has 
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the opposite sign to ~- This means that red (one-photon) detuned atom~ ari") 
pushed down the intensity gradient. Since atomic level spacing increase~ a:-, 
the level decreases in energy, this may allow greater (actual) one-photon d,~-
tunings ~ to be achieved without running into other levels. For e:>-..ample 1f 
11) and 12) are levels of the ground state and l:3 ) is the first excited state then 
there are no levels between them and large negative detunings ~ are po~~1-
ble. This may also allow atoms to be manipulated with a greater range of laser 
frequencies. 
3.4 Conclusions 
We have investigated the mechanical potential produced by a Raman tran-
sition. This potential has the advantage of reduced spontaneous emission 
losses for sufficiently small potential barriers, such as are appropriate for rn-
coil or sub-recoil cooled atoms [8, 82, 85]. Without this reduction in sponta -
neous emission certain proposed atom optics devices, for example those based 
on hollow optical fiber waveguides [62, 63, 67, 68, 71, 86], may be impract1caL 
If the losses due to spontaneous emission are removed, then the dominant 
source of heating is likely to be due to the movement of the potential due to 
fluctuations in the Rabi frequencies and detunings of the laser ..... 
In the next chapter, we will demonstrate that a device based on a gap in th() 
energy spectrum of atoms traveling along a hollow optical fibre requires this 
Raman potential to be viable. This is because spontaneous emission evenh 
destroy the coherence which is required to observe the quantum mechanical 
motion of a toms. 
Band Gaps for Atoms in Light 
based Waveguides 
Overview 
Chapter 4 
This chapter shows that it is possible to produce a band gap in the energy 
spectrum for atoms being guided by a hollow optical fibre. This work has 
been published in the Physical Review [62, 63] . 
4.1 Introduction 
Band gaps in the energy spectrum of electrons cause many interesting effects 
in solid state physics, but they have not yet been discussed with reference to 
building devices in atom optics. Band gaps in atom optical devices may allow 
the construction of switches, gates or filters for a coherent beam of atoms. Al-
though many interesting devices seem possible, it must be remembered that 
an atom optical device with a band gap will not behave in an identical fashion 
to a semiconductor, for example, as the atoms will in general have different 
quantum statistics to the Fermionic electrons. This chapter describes a sys-
tem that can produce gaps in the energy spectrum, and calculates that energy 
spectrum in three dimensions. The band gap only exists while the atoms are 
strongly affected by the optical potential, however, and this leads to a high 
spontaneous emission rate. It is therefore necessary to use a technique to re-
duce this spontaneous emission, such as the potential induced by a Raman 
transition which was detailed in the last chapter. 
Standing wave laser beams produce a periodic potential which has been 
used extensively in atom optics, particularly in cooling experiments utilising 
the Sisyphus effect [87-89]. Atoms in a periodic potential have an energy 
spectrum consisting of bands [90]. Experiments and theoretical calculations 
concerning these systems have been conducted in one and two dimensions. 
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Three dimensional optical lattices have been investigated experimentally [91] 
but the quantized atomic motion has not been calculated except in the ltn1.1 t 
of verv deep potential wells [92]. We present a numerical calculation of th 
energy spectrum of atoms in a three dimensional waveguide. This chapter 
shows that the band structure of these atoms can be manipulated to produ 
an energy gap between the lowest bands. 
We consider atoms that are strongly confined in two dimensions and rel-
atively free to travel in a single direction. The most obvious choice for pro-
ducing this potential are the hollow optical fibres that were described in the• 
second chapter. We may produce a periodic potential by guiding a partial 
standing wave along the fibre. We present a detailed calculation of the band 
structure of a toms guided by a hollow optical fibre, although our model rna} 
be applied to some free space laser configurations. 
In section 4.2 we present a short revision of the band structure e>-.pected 
for an atom in a one dimensional sinusoidal potential. Section 4.3 describe~ 
the calculation of the atomic energy spectrum in the three dimensional fibre . 
The effects of spontaneous emission are estimated later and are found to be the 
critical factor which will limit experimental realisation of such devices . Section 
4.4 describes some possible generalizations of this work to other laser con-
figurations, and section 4.5 describes some applications of controllable band 
structure for the atoms in a hollow optical fibre. In particular, a technique 1~ 
described which can cool atoms. 
4.2 Atomic energy spectrum in one dimension 
If an atom is considered to be a plane wave traveling in a single dimen~1on 
and there is a sinusoidal potential in that dimension, then the ~olution to lhc 
Schrodinger equation is well known [93, 94]. Bloch's theorem states that tort 
Hamiltonian of the form 
~2 
' p l "(~) 1 I == - - + 1 .r . 
2JI (<t.1) 
\'V here the potential \ · ( .i') has a spatial period , , then the eigcns ta te~ q, 1. ( .r) 
rnust be of the form: 
\If L ( ,l") = uu: L .4n r -z2,.ni:/ (4.2) 
r =- c, 
\vhere L, are coefficients. 
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This leads to the eigenvalue equation: 
oo '> l\!I 
nf}-k~ + -t,,2 (Ek - V)]Ane- i2rnx /T = 0, (4.3) 
where k~ = (k - 21rn/T )2 . 
When the variation in the potential is much less than the kinetic energy of the 
particle, then the potential term in the above equation can be treated pertur-
batively, and terms with the product of V and Anfo can be neglected. For a 
sinusoidal potential, it has been shown [93] that the energy spectrum is ap-
proximately Ek = ti2 k2 /2M except for the region k ;::::: ±1r / T, where there is 
a gap equal to the height of the modulation of the potential. This band gap 
causes interesting conductive properties in solids. 
The real potential is not one dimensional. In three dimensional waveg-
uides, variations of the potential in the transverse direction can alter or re-
move the gap in the band structure. The one dimensional model ignores all 
transverse modes. There are non-degenerate transverse modes in the three di-
mensional model, so their spacing must be large enough so that the gaps in the 
energy spectrum are not covered. Considering a particle in a box, recall that 
the energy spacing decreases as the size of the box increases, which means that 
there will be some size above which the transverse structure will cover the gap 
in the longitudinal band structure. Thus, in order to have a real band gap, a 
hollow optical fibre waveguide will have some maximum inner radius. 
4.3 Atomic energy spectrum in three dimensions 
The energy spectrum for the three dimensional waveguide will now be calcu-
lated. The time independent Schrodinger equation in cylindrical co-ordinates 
( z, r , ¢) is: 
[ ( 
32 1 8 1 a2 32 ) 
8r2 + r or + r 2 8¢2 8z2 + (4.4) 
21w ( E - \I ( ,. ) ) ] A',. ( 7 , ) - 0 n2 -, r '±' ~, 1. 0 - , 
where <P is the atomic eigenstate with energy E in the potential \/ (.:: . r) 
V2 (z )Vr(1~). The potential can be separated in this way because it is propor-
tional to the intensity of the light in the hole, and the optical fields can be sep-
arated in this way. The absence of a ¢ component of the potential allows the 
eigenstate to be separated: <I>( z, r , ¢) = w(z, r )G( m) . Eq.(4.4) can then be sep-
arated into functionally independent sides which then give a simple analytic 
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olution for 8 ( e> ), and an eigenvalue equation for w (.:, r): 
8 (6) == m<;> (4.5) 
where m is an integer, and 
[
- i:Y _ !~ _ a1 + 2.\/ (\ - E) 
8r 2 r or 8:: 2 h2 
rn. -] W == () . 
7' 2 
(4.6) 
This shows that the rotational modes induce an effective radial potential. 
This equation cannot be further separated, as the longitudinal "ripple" in the 
potential couples the radial and longitudinal motion. With a non-zero poten-
tial this equation must be solved numerically. The details of this calculation 
are given in appendix A. 
The light induced potential on the two level atoms is proportional to thn 
intensity of the electric field. For fibres with hole radii larger than a fevv \V c1 v0 -
lengths, the evanescent field decays exponentially from the walls. For fibres 
with sub-micron hole radii, the radial dependence of the electric field must 
be calculated numerically for each fibre . This was done using the technique 
described in references [67] and [95]. 
Gravity was neglected in this modet as the small hole size implies that the 
effect will be a weak perturbation. An estimate of the size of this perturbation 
is ~E == M g6.h which for Helium confined to a O .. :s,,m region is about threr.) 
orders of magnitude smaller than the recoil energy. The effect of the Casimir-
Polder force is approximated by reducing the potential at the walls of the fibre. 
Reference [67] gives an estimate that this force halves the height of the poten-
tial barrier seen by the atoms as they try to reach the surface of the glass. Thi 
change in the potential will increase the required laser power, but this system 
already assumes that the atoms are well confined, so the results of this model 
will not depend on an accurate description of this force. 
The parameters chosen for the calculation were based on a comn1.only used 
transition in metastable Helium (23.~· - 2 3 P) with a wavelength of I ()\.~nm, but 
the qualitative results will not depend strongly on the chosen transition, and 
it is quite possible that experiments would be based on a different transition 
or a different atom. The calculations were made using a fibre with a step pro-
file refractive index with core and cladding refractive indices of 1. :-> and I. I~-), 
respectively. The radial width of the core was :~11m. 
The Helium atoms in the fibre exhibit a band gap in their energy spectrum 
for sufficiently small hole radii. Fig.(4.1) shows the energy spectrum of atom~ 
in a typical fibre with increasing hole radius. The solid lines shov~' the allo·"·-
able energies, and the disallowed energies are indicated by a gray shading. 
Each line designates a band, and the disallowed energies are the band gap ..... 
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Figure 4.1: The energy spectrum of atoms in a hollow fibre with increasing hole radius. The 
presence of band gaps are highlighted in gray. The horizontal axis is quasirnomentum hk in 
units of the momentum of a single photon hk 0 from the optical field . Energy is measured in 
units of the recoil energy ER = (hk 0 ) 2 /(2M) of a single atom. Note that the energy scale is 
different in each figure, as the atoms are immersed in a more intense light field when the fibre 
has a smaller hole. The dashed lines show the higher rotational mode, m= 1, and the solid lines 
indicate the lowest rotational mode, m=O. Higher transverse modes in the m=O spectrum are 
not shown in (b) and (c), for clarity. (a), (b) and (c) have hole radii of 0.2.Sµm, O .. Sµm, and 
l .Oµm respectively. These figures have a modulation of 1\1 = 1 - (min ( l ·;;) / max( l ';;)) = O .02, 
as it was in Fig.(4.2(b)). 
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For small hole radii, it is clear that there is a band gap bet,veen the lovvest 
bands, which becomes smaller as the hole becomes larger and the intensity of 
the light in the fibre gets lower. The spacing of the transverse modes is clearl) 
maller than the spacing of the rotational modes, as the first excited rotational 
mode ni == 1 (dashed line) is higher than the excited transverse modes. Onl 
the first few 1n == 0 modes have been shown, as the only significant band gap 
is between the lower bands. 
As the size of the hole in the fibre approaches the de Broglie wavelength 
( >.dB == h / p) of the recoil cooled a toms, the transverse energy spacing is re-
duced such that the gap in the energy spectrum is closed. Small perturba-
tive coupling between the transverse modes would allow atoms to be excited 
from the lowest band if such transitions were energetically allowed. Thes 
couplings may arise from interatomic collisions, gravitationat electric or mag-
netic fields or by imperfections in the fibre or beam. This means that the atom 
will only be confined to a single band if there is a band gap. This will only o· -
cur when the hole is smaller than some maximum hole radius which is about 
l..Spm for this particular system. Fig.( 4.1( c)) shows the energy spectrum for Zl 
radius which is 1.0µm, and the higher rotational mode has nearly covered the 
band gap . fibres with hole radii as small as 1.01-Lm have already been used to 
guide a toms [71]. 
While the atoms are in the fibre, the modulation depth can be varied b 
altering the intensities of the two counterpropagating laser beams which cause 
the level shift. This controls the shape of the energy bands and the size of 
the band gap. Fig.(4.2) shows the effect of decreasing the modulation depth. 
Again, the band gaps are shaded in gray. As the modulation decreases, the 
lowest band becomes lower and has more range while the energy gap becomes 
smaller. 
The key practical problem with this device is that in order tor the light to 
interact sufficiently with the atoms to produce a band gap, the atoms must bn 
immersed in the light field for long periods of time. This means that the a tom<, 
stay weakly excited, and their coherence may be lost through a spontancou 
emission event. Spontaneous emission losses depend sensitively on the energ1 
of the atoms, the size and refractive index profile of the fibre , the availabl 0 
power in the guided laser and its detuning from the transition. We are most 
interested in atoms vvhose energy places them in the lowest band. Classical! 
these atoms cannot enter the field further than the point vvhere the potential 
equals their total energy. This means that an over-estimate of the spontaneous 
emission rate can be found by considering the spontaneous em1ss1on ra tc of 
an atom sitting at that point of maximum classical potential. 
Using Eq.(3.15), ,ve find that for a hole diameter of l.5pm, the spontaneou 
emission rate is of the order of 1 Hz, given .3 W of guided laser po\ver. This 
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Figure 4.2: The energy spectrum for atoms in a hollow fibre with decreasing modulation 
of the potential. The presence of band gaps are highlighted in gray. The horizontal axis is 
quasimomentum nk in units of the momentum of a single photon nk 0 from the laser. E1:ergy 
is measured in units of the recoil energy ER = (nk 0 )2 / (2M) of a single atom. The modulation 
is measured by the parameter M = 1- (min(Vz)/max (V 2 )) where vz is the z-dependence of 
the confining potential. (a), (b) and (c) have values for M of 0.04, 0.02 and 0.005 respectivel y. 
The hole radius for all three figures was 0.5µ m, as it was in Fig.(4.l(b)) . 
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spontaneous emission rate is so high due to the significant field 1n the centre o 
such a small fibre where the evanescent fields contact each other. This rnight 
not occur in free space, where a standing wave can have zero held at the node . 
This means that it may be possible to create a waveguide with a lo,ver spon-
taneous emission rate by standing waves in free space. As may be the casn 
for systems discussed in the next section, if there was no electric field at thn 
center, the spontaneous emission rate would be as low as 0.0 l Hz . The recoil 
cooled atoms would take several seconds to pass through a few centimeters ot 
fibre, so attaining this limit for the spontaneous emission rate may be enough 
to produce a practical device. 
4.4 Alternative laser schemes 
The purpose of the confining potential is to confine the atoms to a ...,utf1c1cntl1 
small area so that the splitting of the transverse modes is larger than the size of 
the lower bands. This allows a band gap to form due to the periodic potential 
and the gap is not filled by higher transverse modes. It should therefore be 
possible to generalize this work to other designs for the physical lavout of th 0 
laser field. 
An alternate design to the hollow optical fibre experiment is a variation 
on the traditional optical molasses apparatus. A standing wave in each of th 0 
two transverse directions produces a "tunnel" in the laser field dc)\vn \,Vhich 
the atom can be guided. A longitudinal laser beam can then be used to pro-
duce the periodic potential. A significant ad vantage of this sys tern 1s th.at thcr 0 
would be zero electric field at the center of the atomic waveguide . This ':>hould 
allow lower spontaneous emission losses, as described in the previous s0 • -
tion. The lack of rotational symmetry in this system produces a calculational 
problem, however, as the potential cannot be separated. This n1ccu1s that an 
accurate calculation of the atomic energy spectrum would be difficult to do 
numerically. This scheme has less practical value, as the advantages of a hol-
low optical fibre waveguide are lost. These include efficient use of lc11;,er power 
f1exibilitv and the abilitv to operate without a strong vacuum. 
Other free space configurations may be used. In particular, 1 t might bn 
possible to produce a "donut" laser mode which has a node in the center but 
retains the rotational symmetry which is useful in making accurate calcula-
tions. 
§4.5 Applications and Discussion 35 
4.5 Applications and Discussion 
The existence of a band gap in the energy spectrum for the atoms will naturally 
suppress the excitation of atoms beyond the upper limit of the band. The ex-
tent to which this applies will depend on the relative sizes of the energy scale 
of the dominant heating processes and the band gap. We have shown that the 
band gap can be on the order of a recoil energy, so heating processes which 
act on this energy scale will be reduced. This means that a toms will tend to 
travel along the fibre with less heating from incoherent sources. An example 
of such a heating source is the vibration of the potential due to the fluctuations 
in the laser Rabi frequency and detuning. Lasers can be stabilised so that these 
effects are of the order of about one percent. This means that the atoms would 
slowly heat while being guided by the fibre. The potential is proportional to 
the Rabi frequency, so the fluctuations in the potential will also be of the order 
of one percent, which will mean a change in potential of less than O.lER. This 
means that the presence of a band gap of the order of one atomic recoil will 
suppress heating due to these effects. 
Spontaneous emission losses will dominate the loss of atoms from the sys-
tem, and these cannot be removed without using arbitrarily large laser powers 
[61], so it is not feasible to construct arbitrarily long waveguides. The most 
important feature of the band structure in the fibre is that it can be altered ex-
ternally by changing the intensity, detuning or modulation of the laser beam. 
This means that interesting behaviour can be produced by changing the band 
structure while atoms are in transit through the waveguide. 
The lowest band gap appears when the de Broglie wavelength of the atoms 
is that of the laser beam. This is illustrated in Fig.(4.2(c)t where the gap be-
tween the first two bands occurs at k/k0 = 1. This means that a beam of a toms 
which are cooled close to the recoil limit will have a large population in the 
lowest energy band. Since the atoms are moving at speeds of the order of :3 
mm / s, an atomic beam would take several seconds to pass through a centime-
ter of fibre. This means that the band structures can be changed so slowly that 
no non-adiabatic heating effects need to be considered. 
It can be seen from Fig.(4.2) that increasing the modulation depth reduces 
the width of the lowest energy band at the same time as increasing the band 
gap. If the modulation of the laser was slowly increased while there were 
atoms in that band, then the atoms would have a lower energy spread. This 
means that while a toms are guided through the fibre, their energy spectrum 
can be altered in such a way that they will be cooled. This process is not ex-
pected to be necessarily competitive with other cooling processes, but it is an 
example of using the dynamic nature of the band structure in this fibre. A 
band structure with gaps in the energy spectrum which can be controlled ex-
,....-
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ternally is a novel situation, and may lead to other interesting effect~. uur 
cooling mechanism is similar to an effective three dimensional cooling sy~tern 
which takes atoms in very deep potential wells and adiabatically reduces th, ... 
depth of the wells until they are in free space [92]. This other adiabatic cooling 
system may be an effective method of populating the lowest energv band. 
The major limitation of this system is the spontaneous emission of the a ton-l 
from the excited state. This can be made arbitrarily small by increasing the 
detuning and the laser power, but if the laser is detuned too much then it will 
interact with other levels in the atom. For atoms cooled close to the recoil limit 
the spontaneous emission is limited by the maximum allowable detuning. 
As spontaneous emission losses are likely to be quite high unless a very 
low frequency transition can be used, there is some advantage to using transi-
tions based on metastable lower states. Detectors of these atoms relv on their 
large excitation energy. If these atoms spontaneously emit and do not return 
to the metastable state, then they will not be detected, so the atoms that did 
not experience the correct potential will have a reduced signal. This alleviates 
the problem of the high spontaneous emission rate experienced bv the aton1~. 
There are also possible methods for reducing the spontaneous emis~1on 
rather than simply eliminating the incoherent signal. An example of such a 
modification might be to use the potential produced by a Raman transition 
instead of a single photon transition [61]. This type of potential, which wa~ 
described in the previous chapter, can produce a potential for cold atoms with-
out causing them to be partially excited. For recoil cooled atoms, the Raman 
scheme may therefore allow a major reductions of the spontaneous cmi~~ion 
rate. 
One experimental challenge is to provide a method of loading a hollo\\ 
optical fibre with cooled atoms. One way is to focus the light into the f1br 0 
from a lens such that there is a hole in the centre of the optical bcarn. Thi~ 
will tend to steer the atoms into the centre of the fibre as though the light wa~ 
acting as a funnel for the atoms. The transverse modes of the fibre arc quit" 
small, of the order of a couple of optical wavelengths. The BEC prod uccd 
by the Ioffe-Pritchard trap [14] has a high transverse confinement of the ~am 0 
order, so it might be a particularly good source for loading such a tibrc . 
4.6 Conclusions 
This chapter has shown that the energy spectrum tor atom~ guided through, 
hollow optical fibre has at least two distinct bands separated by an energy gap 
if the radius of the hole in the fibre is less than l .:'>11 m. The size of this band 
gap and the energy range of the lowest band may be controlled e>-.ternallv bv 
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altering the amount of modulation of the laser beam. 
The ability to control the size of the band gap dynamically while the atoms 
are in the system leads to many new possibilities. This situation does not exist 
in solid state physics where the band structure is fixed . For example, slowly 
increasing the band gap while the atoms are being guided by the fibre will re-
sult in a "squeezing" of the lowest energy band, so if the atoms were originally 
cool enough to have a significant population in this band then they will be fur-
ther cooled. The major limitation of this system is that there would be a loss 
due to spontaneous emission, which may be overcome by using the Raman 
potential from the previous chapter. Further work may be useful in determin-
ing whether a similar system using lasers in free space can produce similar or 
perhaps better results. 
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Chapter 5 
Input and Output of Atoms from an 
Atomic Trap 
Overview 
This chapter derives a theory for the input and output of atoms from an atomic 
trap. This theory is based on the optical input/ output theory of Gardiner and 
Collett [96]. This work has been published in the Physical Review [64]. 
5.1 Introduction 
Recently, there has been a large amount of interest in the production of an 
atom laser [51-59], which is the atomic equivalent of the optical laser. Success 
in producing a BEC in the laboratory [12-15] has led to the expectation that if 
the condensate can be coupled to the outside world [50, 59, 97], then a highly 
coherent atomic beam may be generated. Basic experiments have already been 
performed in which atoms have been coupled out of traps containing a BEC 
by changing their internal state to one which is not trapped [50]. 
Several groups around the world have produced very simple models of 
atomic traps with a continuous pump source [52-57], and these have shown 
that it is possible to produce a coherent state in the ground state of the trap. 
The obvious missing element in these models is the exact nature of the cou-
pling to the external modes, and the effects that this coupling can have on the 
linewid th of the a tom laser. 
Our first approach to the problem of producing a model for an atom laser 
with a realistic output coupling was a purely practical one in which we at-
tempted to choose specific components before proceeding with calculations 
[59]. The atomic cavity in our model had transverse confinement which was 
produced by a hollow optical fibre (see Chapter 2) and the longitudinal con-
finement was produced by two laser beams that passed through the fibre per-
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pendicular to the walls. Atoms were pumped into the system in an e>-.cited 
electronic state which could then emit a photon and become trapped in th 
atomic cavity. Rate equations for the various levels in the laser ,vere then pro-
duced. The output coupling was produced by changing the electroruc state of 
the atom with a pair of optical lasers which caused a Raman transition to an 
untrapped state. 
A more detailed description of the model is given in appendi, C. Under 
certain approximations, it was shown that a threshold was reached, and thn 
only significantly populated mode in the cavity was the ground state mode. It 
was also demonstrated that a sufficient number of atoms could be irreversibl 
coupled out of the system by this method. What was not clear vvas the solu-
tion to the problem of producing an atomic beam with a narro,v linewidth. 
When the atoms were coupled out extremely quickly it could be shovvn that 
the atoms outside the cavity had the same momentum spread that ,va~ present 
in the trapped atomic wavefunction, which tended to be very large. 
In the absence of the self energy of the trapped and untrapped atoms, the 
dynamics of any coupling between a trap and the external mode~ can be d 0 -
scribed quite simply, but the dynamics are significantly altered by considering 
the effect of the total Hamiltonian. 
In this chapter we will examine the input and output of atorn~ fron1 an 
atomic trap into a continuous spectrum of external modes. This theory bn-
gan as a generalization of the input/ output formalism for optical cavities by 
Gardiner and Collett [96L which has proved so successful in explaining th 0 
output from quantum optical systems. The main lesson to be learnt from thn 
optical theory is that an arbitrarily broadband coupling to the external modes 
does not mean that the external modes will be populated vvith an arbitrarily 
broad spectrum. In fact, the shape of the spectrum depends on the cncrgv of 
the cavity mode and tlze strength of the coupling. The dispersi\ 'C nature of tlY-' 
energy spectrum for atoms means that the equations of motion for aton1~ in-
teracting with a cavity are non-Markovian, and quite different method..., n1u'--it 
be employed for solving these equations. 
5.2 The Model 
We shall consider a single cavity mode with an annihilation (cn:c1t1on) opcrt1tor 
denoted by a ((Lt). This cavity is coupled to a continuum of free n1odcs 1nde\cd 
by the momentum I.:, with annihilation (creation) operators denoted bv l1:.- UJi,. J. 
At this stage, we will not choose a form for the cavity Hamiltonian H c11· , but 
,ve will define the external and interaction Hamiltonian 
H JO I Hr A\ Hr x1 IS'/ (::; .1) 
1-{EXT 
1-lJNT 
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where 1-lror, 1-lExr and 1-liNT are the total, external and interaction Hamilto-
nians respectively, M is the mass of the atom, wk == nk2 /2/ilf and K:( k ) is the 
functional form of the coupling. The external Hamiltonian describes the en-
ergy of the free particles, and 1-lcAv is the most general form of a Hamiltonian 
which couples an atom linearly from the cavity to an untrapped state. These 
equations are identical to those of the optical theory, where we would iden-
tify the creation and annihilation operators for the equivalent optical modes, 
and the external modes would have energies nwk == nck. There is no rotat-
ing wave approximation inherent in the above interaction Hamiltonian, due 
to the conservation of the number of atoms. The major approximation in this 
Hamiltonian is the single mode approximation for the cavity mode, and it is 
otherwise fully general at this stage. 
These equations look very similar to those used in the optical input/ output 
theory as defined by Gardiner and Collett, with a few minor differences. The 
most obvious difference between them is that the energy spectrum of the free 
atoms is quadratic in momentum rather ' than linear. In the optical case, the 
extension of the k-integral from - oo to O is an approximation, whereas the 
negative momenta in the atomic case are physical. The fact that the energy of a 
photon is proportional to its momentum means that it is not usually important 
to note the difference. It is common to describe a difference in momentum 
between two photons as a difference in energy. This cannot be done in the 
atomic case, so the zero of the energy scale affects the system. The dispersive 
nature of the atoms in free space leads to an irreducible memory for the system, 
so the Markov approximation cannot be made. 
Following the optical case for the last time, we can produce Heisenberg 
equations of motion for any cavity operator c( t) in terms of the initial condi-
tions outside the cavity bk(ta) or the external fields at some time t 1 , bk(ti) : 
c( t ) == 'l - - [c(t), 1-l c,4 1,] (5.4) 
n 
+ 1: dk K( k) { e•wk(t-to) bk( lo) [ c. a J - e-iwk(t-t o ) bk( tJ [c. a 1]} 
l (X) ( + - 00 dk lh:(k)l 2 }to dt' { et..;k(t-t')at(t ' )[c a] - e-iwk(t-t')a(t')[c, c/]} 
or, 
c( t ) l 
- n [c( t L 1-l cAv] (5 .5) 
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dk ri.(k) {c- '·..,.dt-1,) bL(t1)[c~a] - c-,~·dt-1i)b~.(ti)[r.at]} 
f I { 1 dk lri.(k)l2 / dt' c'wdt-t lut(/')(c.uj - (-,...,dt-t')o( . ) } e. (/ I 
' ' 
We now take out a normalisation constant from rt"(l-t-), and set ri..(k) == r 111 ,/ { /,· , . 
For the mode creation and annihilation opera tors a and at, these eq ua t1ons 
simplify to 
a( t) l 
- h [ a ( t) , 1-{ CA \ '] 
- f 112 brn(1) - rJ: dt' a(t' ) /(I - I'] (~ .6 ) 
i(t) l 
- n [ Cl ( t ) , 1-{ CA \ ·] 
I 
r 1 1 2 b Ju 1 ( t ) + r / d t' ([ ( t ' ) f ( 1 - 1 ' ) (~.7) 
where we have introduced the function f(t) = J_~'- dk ,/(k )I ·\ -l-· i. 1 and opcra-
tors b = f '"'\., dkn.'(k) e-lwJ.;(t-to)b,(t.) andb - =-! ' dk,-/(k)r-, .. q( . ,J/, .l/ ). I I - ·:>.._. /\ u u u I - • I. I 
5.3 Solving the Equations of Motion 
The equations of motion for the cavity annihilation operator (Eqs. S.6,~.7) c1rn 
linear Volterra equations of the convolution type. Integrodifferential equation~ 
are extremely difficult to solve in general, but this particular type of equation 
is well suited to methods of solution involving the Laplace transform 
We shall introduce some conditions at this stage which \V1ll simplify the 
notation. Firstly, we shall sett ) = 0. We then choose the simplest ca\·1t\ Han1il -
tonian 
Hr .\ \' = h ......,· o . u . ( ~ \) 
\.vhere h.-1 .. : is the energy of the trapped state. We ~hall al~o n-1.0, ·e into a rota tin~ 
fran1e \,vith the frequency.....,· , so ,,ve shall introduce the follo\v1ng operator~ and 
function: 
l ([) - o(t ) r , .... ,. (5.9) -
h' I U t (t ) - 0,12/ 111it ( _ l~ r, I (5.10) --
f' (I) - I ( I ) (_ , ..,, I (5. 11) -
Ir 
I 
" 1 
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We now integrate equation (5.6) and obtain: 
a'(t) = F;n(t) + l' ds A'(t - s) a'(s) (5.12) 
where Ffn(t) = a(O) - r 1/ 2 Ji ds b~n(s), and A'(t) = -r Ji ds f'(s). 
We shall denote the Laplace transform of a function f(t) by £ (f)(p), where 
£(f)(p) = f" dt f(t) e-rt . (5.13) 
and the inverse Laplace transform shall be denoted by £, - 1 (g)(t). Like the 
closely related Fourier transform, the Laplace transform has a convolution the-
orem given by 
£ (la' ds f1(t - s) h(s)) (p) = £ (ft )( p) L (.fz)(p) (5.14) 
so that when we take the Laplace transform of both sides of equation (5.12), 
we obtain 
£ (a')(p) = £ (F:n)(p) + £ (A_') (p) L (a' )( p) (5.15) 
which, in conjunction with the identity £ (J~ ds f( s) )(p) = 1/ p £ (/)(JJ) gives us 
the result: 
a'(t) = [, -1 ( a(O) - r - 1/2 £(6:nHP) ) 
P + r £(f' )(p) (t). (5.16) 
This solution may now be substituted into earlier equations to determine 
the atomic field of the external modes. 
or alternatively, 
b~ ut( t) = -b:n(t) - r 112 a(O) ()(t) 
+r l' dt' G(I - t' ) b'. ,,( I') 
where 
G(t) [, -1 ( £ (f' )(p ) ) L 
- P + r £ (.f' )( ;J ) ( ) 
(5. 17) 
(5.18) 
bk(t) = e-iwktbk(O) + r11 2 r{'(kr t-,w,) t a( O) 1\h-(t) 
-r ,;, ' (k)* e-iwot la' dt' .\h(I - 1' ) b'.,.( t' ) (5.19) 
where 
Nfk (t) = 1:, - i (t). (5.20) ( l ) [p + r L ( f 1 ) ( J)) ][p + l (Wk - Wo) 1 
...dlll 
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This has reduced the problem to the calculation of the Laplace tran.':)rorn1 
and its inverse. Unfortunately, many physical situations cannot be ':)Olved an-
alytically, and we must resort to either perturbative or numerical analy~is to 
determine the spectrum of the field emitted from such a ~y~ten1. In n1an.J 
cases, however, the behaviour of a real system will correspond clo':)elv to onl' 
of the limiting cases which we will describe. 
5.4 Physical realizations of the model 
The model as described in the previous section has left the nature of the cou-
pling between the cavity and the external modes deliberately vague. Thi~ wa~ 
done in order for it to be possible to compare different methods of atomic 
coupling, and determine what the effect might be of utilising a particular tech-
nique. It is clear, both on physical grounds, and as a result of Eq.(5.19), that J 
sufficiently narrow bandwidth for the output coupling will produce a narrc)\v 
linewidth for the output spectrum. In the limit of the output coupling function 
becoming singular, 1-i.·' (k ) = 5(k-k)L we can show from the relevant definition~ 
that 
V,u I ( / ) 
u;u(I) 
L ( f I)( /J) 
( ; ( I ) 
- 01-.- .( L) ( u,t _ 
b L- O ( L ) ( /..v ~ / , 
1 
JJ - l v..,,I 
,,) 
v.., -
" 
2 
ir 
and 
1; 2..,_,:.1 . ( · 1 v..,,' 2 + 1 r, ) Slll _V_ 1 _ 
') 
where v..,,,, = ....,· ,) - .. ,..:1,. We then substitute these equations into Eq.(S .17) and find 
that 
, { ['l /2 br.,(l) - ( :::(.,,,,+...,J.)t o(O) ~in Jw~2/ L1 + r / (~.21) -
\; v..,.,2 r1 + r 
In ( () ) [ ms J ~·' 2 / 4 + [' I + i I ~·' s i 11 J ..:',2 / I + I ' I] } 
U \ v..,'2 + •l r I 
This solution shovvs the expected Rabi oscillations for t\vo coupled n,od~..., 
with an arbitrary detuning. We show these oscillations in Fig .( S.1 ), \vh1ch ploh 
the excitation of the external mode as a function of time. A<:J the linc\v1d th I 
is increased, the level of excitation is reduced. When \VC con~1der a coupling 
vvith a finite vvidth in frequency space, 1t is better to U':JC Lq.(~ .19), and thn 
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Figure 5.1: This figure shows the Rabi oscillations of atoms from the cavity mode to a single 
external mode. The vertical axis is the ratio of the number of atoms in the external mode 
compared to the number of atoms initially in the cavity. We have used a value of w~ = ls- 1 
for the detuning. The solid curve is for w~/r = 0.5, and the gray curve is for a value of 
w~/r = 2.0 . 
resulting equations become far more complex. 
We can think of the shape of K, 1 ( k) as being determined by the interaction 
Hamiltonian Hr.vy. Inverting the definition of Hi NT, Eq.(5.3), we find that 
1'
1(k) = ~ j 00 dk' 'i/J: (k') (k', alHr.,vyl h.'. 6) n r - oo (5.22) 
where lk, b) is the state generated by b! acting on the vacuum, and lk'. a) is 
the state of an atom which has momentum k' and is in the trapped electronic 
state. 'i/Ja( k') is the momentum wavefunction of the occupied mode in the trap. 
For a harmonic trap with a non-interacting condensate in the lowest level, 
this wavefunction would be Gaussian. If we transform Eq.(5.22) into posi-
tion space, it is obvious that n,( k) can describe spatially dependent as well as 
momentum dependent coupling. 
If the interaction Hamiltonian simply changes the electronic state of the 
atoms with a well defined momentum kick k0 , such as we might expect for a 
stimulated optical transition, then the coupling will simply be proportional to 
the displaced momentum wavefunction 'i/Ja (k-k0 ). Typically, a detailed model 
will also include some velocity selectivity and some width to the transition, 
both of which may be easily modeled by suitably changing ,./ (k). 
...... 
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5.5 Interpreting the results 
This theory is primarily intended to model the output of an atom la~cr. f q.(S.1 Y) 
contains the information required to calculate the spectrum (0Iu1. of the C\.ter-
nal field which has coupled out of the cavity. If we assume that irut1allv (at 
t = 0) there were no atoms in the external modes, then the first and third 
terms do not contribute to the spectrum, and the spectrum can be e\.pre~~ed 
as 
(b1(t)bk(t)) = r 1~'(k)l1 (a( O)ta(O)) IJ/J..(L.)1 2 (~.23) 
which means that the entire time dependence and the non-trivial shape ot thn 
pectrum comes from the function Jlk(t ). This is equivalent to performing an 
inverse Laplace transform, as the function £ ( .\lk )(p) can be constructed ana-
lytically for almost any realistic choice for the coupling. 
Unfortunately, it is difficult to perform the final step of calculating \f:.(I) 
analytically for many forms of the coupling. This means that if \\'C canno t 
make an approximation then calculations on physical systems mu~t be done 
numerically, perturbatively or both. There are several standard computational 
methods for finding the inverse Laplace transform, but it must be noted thti t 
these algorithms can become unstable, so care must be taken vvhen perforn11ng 
these calculations numericall .. 
5.6 Perturbative results 
The equation for L ( .\!k)(p) may be written as a perturbative expan~1on in I 
and the linearity of the Laplace transform then allows us to \vrite \l ,.lt J c1..., c1 
perturbative expansion in r: 
.\ Ii. ( t) ci f (1 + f L(f')(p)r1 ) ( l /J [JJ + l ( ~·k - ~·o)] 
t rm (-l)m [, -1 { ({,(f' )( 1, ))"' } 
=U [p + l ( w'I: - ....,·
0
) 1 JJm+ I (I). s 2-l) 
This has hvo main advantages. Firstly, in some cases ,,.vhere r· i~ <,ufficientl) 
lo\v, this expansion may be truncated to produce simple analytical results. Al-
ternatively, it may be possible to perform the Laplace transform analytical!\' 
for each term, allo\ving the solution to be expressed in termi:, of a series c 
kno\vn functions. Using Eq.(5.19) \Ve can generate an expansion for the exter-
nal field: 
>1.(1) == b:.( 0) (- )-.J. _ i 
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+K'(k)* eiwot [a(O) f= (-l)m rm+l/2 [,-1 { £(f')_(P) m } (t) 
m=O pm+l [p + i(wk - w 0 )] 
- f= ( -1 ) m [' m + 1 / t d U [, - l { [, ( f I). ( p) m } ( t - 1l ) b: n ( ll ) ] 
m=O Jo pm+l [p + i(wk - w 0 ) ] 
The high order terms in f may be higher order terms in the time t, so trun-
cating this expansion is probably equivalent to examining timescales much 
shorter than 1/f. This is certainly true in the broadband case, (given in the 
next section), but would be unreasonably hard to prove while the output cou-
pling is still in such a general form. To lowest order in f, the dynamics is 
almost independent of the nature of the coupling: 
( 
e-i(wk-wo)t _ 1) 
bk(t) = eiwkt bk(O) + if 1!2 K 1(kf eiwot a(O) + O(f ). 
Wk -Wo 
(5.26) 
The long term solution for the spectrum of the external modes cannot be 
found by this perturbative solution, but as we approach the limit of [' -f 0, 
this solution becomes valid for longer times. If we examine the shape of this 
spectrum, we see that it is growing and narrowing with time. This narrowing 
of the external spectrum around the cavity energy is due to the fact that the self 
energies of the cavity and external states are different except at the cavity res-
onance. This tendency to transfer to a state with little spread about the mean 
energy, as the coupling becomes weaker, is quite reminiscent of the adiabatic 
theorem. 
The optical input/ output theory also predicted that the width of the spec-
trum of the output from a cavity would narrow as the strength of the coupling 
was reduced [98]. We conclude from this analysis that to produce an arbitrar-
ily narrow linewidth from an atom laser, it is not necessary to generate a very 
narrowband method of coupling, but that the same result can be achieved by 
coupling the atoms out of the cavity very slowly, which trades off atomic flux 
for linewid th. 
We can also find a trivial solution for the opposite limit, that in which [ 
becomes very large. In the limit in which the coupling is extremely fast we can 
approximate the total Hamiltonian by the interaction Hamiltonian 'Hr.YT· This 
means that the output spectrum has exactly the shape of the coupling In: '( k) 12 , 
and the amplitude oscillates on a timescale of approximately 1/ f. 
5.7 The broad band approximation 
In this section, we examine the spectrum in the limit in which the shape of the 
interaction t\,'(k) is arbitrarily broad. This is the only situation which needs 
I 
...J 
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to be examined in the optical case, but for atomic coupling 1t is quite feasible• 
to produce a method of coupling the atoms which has an intrinsically narrO\\ 
linewidth. The broad band approximation provides an upper bound to th 
linewid th of the external spectrum. 
The Laplace transform off' ( t) is given b 
L(f' )(p) = 1 1 ik lh:'(k)l'l J) + l(u..,'J_ - u..,'u) (S.27) 
which for a sufficiently broad coupling will approach the result 
£(f')(p) = -itT J2Jf /h lh:'( J2.\J~· 0 / /i )1 2 (5.28) J) - lu..,'o 
We substitute this result into Eq.(5.20) in order to find .\h (I) for the broadband 
coupling: 
1 
_ [ ~ / 1_l L ( Mk )( P) - [p + i ( ,,_: ,. - ..,,,.., ) ] p + l ' \, 1>-< .- , , (S.29) 
where we have introduced the constant c = -111,/1.\/ h and the normalisation 
constant r is chosen so that lh:'( J2JIU;· J/ h )1 2 is unity. This equation has been 
solved recently by Moy [99]. The result is 
.\lk(t) = - l...voi z \! i l'c l 0.)k .::::. f: - r2c2 
+c-161.t iU;'k.::::.,.,, 
UJ'k.::::. f: - {"'2 ,-.2 
' i flrc 
- . -L/ ·J 
f u)L . .::::. l- r2,.:2 L1 1·2 -(lu..,'LI 
+ .1...vnl 
,~. 
Erf ( n v 
Erf ( 1 \ I) ) 
Erf ( ~ \ I )) 
(S.30) 
where .::::.k = u..,'k -u..,1..1, L6(:r) is the Laguerre polynomial and n, 1 and - arc th,.) 
roots of the equation p3 + ,UJ, p + r cJz = 0. 
For low values of r this result approaches the perturbative result Eq.(S.2o) 
but the most important thing about obtaining an analytical result such ac, th1~ 
is that we can examine the long term behaviour of the solution. The solution 
is close to the perturbative result over short timescales, but approaches a rea -
onably steady state after some time, and we can observe this trans1t1on 1n 
Fig.(5.2). Here, we show the first second of evolution in fine detail, and \\'C can 
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Figure 5.2: This figure shows the evolution of INh(t)I~ in time. The upper figure shows fine 
detail of the initial second of evolution while the second figure reaches t = .Ss, and shows the 
establishment of a steady state. The trap frequency is w 0 = 772Hz, and the coupling strength 
is re = -30i s- 3n. 
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ee that the spectrum is narrowing and growing. Th 
hows the first five seconds, and we can see that the 
value and that the shape attains a steadv state. 
econd part of the figur" 
pectrum reaches a peak 
For the numerical work in this chapter, we have set the trap frequency""": to 
the geometric mean of the trap frequencies given in one of the more recent B 
experiments conducted at MIT. In reference [14], the trap frequencies v;er 
quoted as {wx.wy,wz } = {2n x 18Hz, 27f x :320Hz, 2n x :32UHz}, so we have 
chosen the trap frequency uJ0 = 2n x 12:3 H ...... 
In the limit of t , Eq.(5.30) reduces to 
JI L· ( t ) = l V wk C - l .::,. k I 
\!Wk~k - re 
·J--. 2P(z:.,;o+-, 2 )t 
~ I 
( n - 1) ( 3 - r )(, 2 + iv..-'() (5.31) 
where ,= e-rn/4 (3 113w0 /1/l 3 - (--!17) 113 /6) and 17 = -27iI 'c + \,fl O'-,.,.: ·i (1'11'(')'2. 
For most physically reasonable parameters, the second term is negligible, and 
-1 .::.1. I 
J IJ,. ( t) = ;_ ·~ n ( 5. 3 2) 
and since the output spectrum will simply be proportional to \I f ( t ) 2 by Eq.(5.23) 
we can see that the output spectrum is given by 
T (u(O)to(O) ) I' (bk(t)bk(t)) = ' I . 2r.2f2j / (S.33) 
WI,. 
This spectrum has a width which depends both on the strength of the in-
teraction r and the energy of the cavity mode huJ0 . For lovv values of I , th 0 
spectrum can be approximated by a Lorentzian with a width of! = l.11 r\,I';·\'. 
We may calculate the full width at half maximum (FWHM), - , of the output 
spectrum from Eq.(5.33) by straightforward methods. Fig.(5.3) shows the d 0 -
pendence of this linewidth , on the strength of the coupling r. This figure, or 
an equivalent one generated from Eq.(5.33) can be used to find the conc,tra1nt 
on r required to produce a particular linewid th. 
For optical cavities, the coupling and the linewidth are ahvays propor-
tional, which means that the strength of the coupling from an optical cav1t 
is often called " the linewidth" of the cavity. For an atomic cavity, \Ve can c.,er.l 
that these terms are not interchangeable. 
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Figure 5.3: This figure shows the dependence of the linewidth I on the coupling strength 
r . The coupling is normalized by the factor rr JTITh. The limiting case of , = 27i-f !"[ff is 
shown in gray. We have chosen the trap frequency ..J 0 = 2rr x 12:3 Hz 
5.8 Sample Numerical Calculation 
We shall now demonstrate a method of providing a numerical solution to 
Eq.(5.29). This is intended to provide both a template for similar calculations 
and to discuss the difficulties involved with producing a numerical solution 
for Nlk(t) for an arbitrary system. The details of this solution are found in 
appendix B. 
In all of our numerical calculations, we have set the trap frequency to w 0 = 
2rr x 123 Hz, as discussed in the previous section. 
Fig. (5.4) shows the evolution of 1-'Ik( t) 12 , which is related to the output 
spectrum (b!bk) by Eq.(5.23), after O.ls and 0.5s. We show this evolution for a 
very low value of the coupling r, which gives the lowest order perturbative 
result given in Eq.(5.26), and for a slightly stronger value which shows differ-
ent results. A comparison of these two plots shows that on this time scale, the 
exact spectrum has a very similar shape to the weak coupling limit, although 
more atoms have been coupled out of the cavity. Eq.(5.30) was used to verify 
the numerical results, which were well within tolerance. 
Although the model contains very few fundamental assumptions, there are 
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Figure 5.4: These figures show l1\h (t)I\ found from Eq.(5.29), after O.ls and U .-)., ol a broad-
band output coupling. The solid line (diamonds) is in the limit of very weak. LOupling 
(I'c = -0 0:3i s- 312), and the dashed line (triangles) used a stronger coupling with I ,· - · :rn, 
s-J/'!.. 
calculational limitations that make it better for solving the perturbat1ve cc.1~c 
or at least situations where t, r and w0 are sufficiently small. Note thc1 t 1n th.n 
t == O .. J.', section of Fig.(5.4), the calculation involving the larger \ 'alue ot l 
does not extend as far away from resonance. This is because of the 1ncrec1"'>1ng 
instability of the algorithm as the parameters were increased. 
5.9 Time dependent coupling and the MIT atom laser 
At least until a continuous wave atom laser can be produced, a realistic model 
for most experiments will involve output coupling which has some tune d,,_ 
pendence. This can be incorporated into the theory developed in th1'-) c_hc1pter 
quite simply, as it will result in a modification of the function .f'( I), and therr' -
fore the equations of motion will be changed only by suitable alterc:1 t1on of th 0 
function [ (f')(p) . 
Recently, atoms have been coupled out of a BEC by utilising the rf 11 l.,cc1lpcl " 
to induce a spin-flip to an untrapped state [50]. This coupling \Va~ done 1n c1 
pulse lasting approximately .Sp ." , which we shall model as a square pube Th 0 
input/ output theory developed in this chapter does not need to be modified 
to provide a description of this situation, as there is already a "beginning" for 
the interaction at t == 0, and the evolution after the interaction has been turned 
off i~ trivial. We need only follow the evolution of the atoms for the durc1t1on 
of the pulse. 
As noted in the previous section, in a situation involving an extremelv tast 
interaction, \Ve expect the shape of the output spectrum to look like the cou-
pling ,/(kJ, vvhich means that we expect the "memory function" Jh (l) to b0 
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quite flat around the resonance. We can see from the long time result Eq.(5.31) 
that as r becomes very large then Mk ( t) becomes very broad. As this function 
becomes very broad, we can write the spectrum for the atoms external to the 
cavity as 
(b!bk) CX IA:(k)l 2 (a(o)ta (O)) , (5.34) 
which is simply proportional to the momentum distribution of the cavity mode. 
This method of producing output coupling will produce a pulsed atomic 
beam with a linewidth which is approximately equal to the momentum width 
of the cavity wavefunction. In terms of coherence and linewidth, this form of 
optical coupling is only slightly different to suddenly turning off the trap. The 
advantages of these experimental methods are that they allow an arbitrary 
fraction of the condensate to be coupled out, and are therefore very encour-
aging for future work. Coupling the atoms out more slowly will produce a 
narrower linewidth, which can be calculated using the methods described in 
this chapter. This could be achieved by using a much lower intensity rf sig-
nal. The output coupling based on a Raman transition, which is described in 
appendix C, will probably be easier to control than the radio frequency scalpel. 
5.10 Conclusions 
In this chapter, we have developed a formalism for describing the interaction 
between an atomic cavity and a continuum of external atomic modes, and 
methods for solving the atomic dynamics of these systems. The limiting cases 
of fast and slow atomic coupling have been solved, as have the limiting cases 
of narrow- and broadband coupling. We have shown that coupling atoms out 
of the cavity slowly will produce a narrow linewidth. 
This theory appears to be easy to adapt to an arbitrary model for the out-
put coupling of an atom laser, which is an essential component of a general 
description of these devices. 
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Chapter 6 
Stimulated Enhancement of 
Cross-section (SECS) due to a BEC 
Overview 
This chapter demonstrates that it may be feasible to produce an experiment 
which can detect the atom-stimulation of a photon emission due to a BEC. The 
original version of this work has been published in the Physical Review [65], 
but has since been generalized. 
6.1 Introduction 
In the recent experiments which have produced a Bose-Einstein condensate 
(BEC) [12-15], a large number of atoms in a single quantum mechanical (inter-
nal and external) state has been produced in an atomic trap. This high degree 
of quantum degeneracy may be used as an atomic source for atom optics ex-
periments [51-59], or to demonstrate new effects which depend entirely on 
the quantum statistics. The stimulation of a transition by a BEC has not been 
observed. In this chapter, we propose a method by which the emission of pho-
tons may be observed to be stimulated by the presence of a BEC. In the next 
chapter, we will examine how even a nuclear process such as beta decay may 
be stimulated. 
The emission of a photon from an atom in an excited state can be stimu-
lated by a large number of photons in the destination mode, as in a laser. If 
the atoms involved are bosons, then the same emission can also be stimulated 
by the presence of many atoms in the destination atomic mode. Any transi-
tion rate between two states is enhanced by a factor of ( ~y + 1) where 1Y is the 
number of bosons occupying the final state. This effect is the physical basis 
for the difference between light scattering off a BEC and light scattering off a 
cloud of nondegenerate atoms, as the emission part of the scattering process 
is stimulated by the BEC. The effects of scattering weak, near-resonant light 
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Figure 6.1: Schematic of the modeled system. The top wavepacket shows the bcan1 of atoms 
in the excited state. The other smooth solid line shows the trap potential for the ground e lec-
tronic state of the atom. The dashed lines show the energy levels in the trap, with a largn 
population in the the ground trap s tate . The waved lines show transitions into various trc1p 
s tates. 
from a BEC have been well studied [19, 27, 28, 100], and show that there is an 
increase in the linewidth due the stimulation of the emission part of the scat-
tering process. Atom-stimulation of a photon emission is also used to produc 
a build up of atoms in the ground state of a trap in some of the recent modeb 
for an atom laser [52, 53, 59]. 
We analyse a different system in which this stimulation can be detected 
directly, and which a voids some of the technical difficulties associated with 
the construction of an atom laser. We demonstrate that it is experimental! 
feasible to measure an enhanced absorption cross section for a cloud of a tom 
in an excited state which pass through a BEC of the ground state atoms. An 
atom in a suitable metastable state can pass through an atomic trap which onl 
traps the ground (internal) state. If the trap contains a condensate of \ atoms 
then there will be an enhancement of the fraction of the spontaneous cmisc,ion 
which causes the atoms to go into the ground (trap) state, and therefore an 
enhancement of the overall emission rate. A schematic of this process is shown 
in Fig.(6.1). We let '"', be the free space spontaneous emission rate and I be the 
fraction of the atoms vvhich will spontaneously emit into the ground (trap) 
state. The fraction I is related to the Franck-Condon factor for the ground 
state. The total emission rate ..... , , is the sum of the spontaneous emission ra t 0 
into the non-ground states and the spontaneous plus the stimulated cm1c,s1on 
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rates into the ground state 
,tot = ,( 1 - f) + ( N + 1 ), f = , + , N f. (6.1) 
The rightmost term of this equation will be called the stimulated emission rate, 
referring to the photon emission which is stimulated by a highly populated 
atomic mode. It is clear from this equation that for a BEC with a sufficiently 
large number of atoms, the stimulated emission rate will dominate the spon-
taneous emission rate, and that the fraction f will determine the critical size of 
such a BEC. 
In section 6.2, we will calculate the ratio of stimulated emission to spon-
taneous emission for a particular model, and show that for experimentally 
realizable parameters it is possible for the stimulated emission rate to become 
much larger than the spontaneous emission rate, significantly increasing the 
overall emission rate. In this particular model, the stimulated emission will 
occur in a narrow cone around the direction of motion of the excited atoms. In 
section 6.3 we discuss schemes for detecting the stimulated emission. In sec-
tion 6.4 we discuss the limits of the model as presented here, and we conclude 
in section 6.5. 
6.2 Stimulated Emission 
The intensity I of radiation e~itted in the direction r, due to a t:ansition from 
an excited state atomic field 'Y e to a ground state atomic field w 2 , is given by 
the result [28] 
/ (r ) 2 c Eo ( E- ( r ) · E + ( r )) 
~~~j j d3 r' j d3r" exp[ - iko(r" - r') · n] x 
( \l1 ! ( r' ) \l1 9 ( r' ) W; ( r" ) We ( r") ) 
(6.2) 
where c is the speed of light, Ea is the permittivity of free space, E +(- l ( r ) is the 
positive (negative) frequency component of the electric field operator, ~( r ) = 
ck; ld(r)l 2 /(8 11 2c0 ), nk0 is the absolute momentum kick given by the emission 
of the photon, n = r/l r l and d(r ) is the component of the dipole moment of 
the transition which is transverse to the direction r of the emitted radiation. 
In principle, the excited state atoms can be passed over the experiment one 
at a time, and are not expected to have unusual statistics beyond simple first 
order coherence. This allows us to assume that the excited state atoms are in 
the n = l Fock state of a particular atomic wavefunction. Let us define that 
..alll 
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wavefunction as W(r . t.L in which case \1Ve vvill obtain the result 
tlf !( r ')Wr( r ")) =-- W~ (r '. t )W(r ". I ). (6.3) 
The ground state field is more complex. Well below the transition temperc1turn 
for a BEC, the ground state field can be approximated by a coherent state \V1th 
average number of atoms "\', and the wavefunction <P(r) for the condensate can 
be found by solving the Gross-Pitaevski equation [101]. At zero temperature 
we therefore have the result 
( \ll i ( r' ) \ll 9 ( r" )) = 1V <I>" ( r' ) <J) ( r" ). (6.-t) 
For finite temperatures, there will be corrections to this result as the occupation 
of the quasi particle states increases, but these effects will remain small until th 0 
condensate nears the critical temperature. When the ground state field is in a 
pure BEC, we have the result 
( \l/ !( r' ) \l/ J( r' ) \ll ~( r" ) \l/ e( r" )) = .YW" (r' ) <I>(r') <J)"(r") W(r" ) c5( r ' r" ) (6.S) 
where the delta function term is due to the boson commutation relations . B\ 
substituting this result into Eqn.(6.2) we find that the total radiated field 1~ 
given by 
h: ( r ) r ·) 
/ (r ) = ir l2 (.\ IC'( r )j- + 1) (6.6) 
where ( 1 (r) = J d3 r ' exp(ik r'·n ] W" (r' )<P (r' ) is the Franck-Condon overlap factor 
between the excited and the ground state. If we integrate this equation over 
all directions r, we will obtain the total power emitted by the excited aton1 . 
This will be proportional to the photon emission rate of the a tom. If the a ton1 
is equally likely to emit in any direction, then we reproduce Eq.(6.1), \Nhcr,.) 
is given by 
/{I)= l d2k 
. D !! iT h.' ~ 
) 
d 3 r<P" (r)W(r_ t ) 
) 
,-
l k l' 
I (6 7) 
where h k is the absolute momentum kick given by the emission of the pho-
ton and fn d2 k denotes the integral ink-space of all possible photon directions. 
The photon emission can be assumed to have zero width in momentum b0 -
cause the actual width in momentum will be ~k1/ = ~ JJ / ( h c) \vherc ~ 1 1s th,.) 
energy width of the incoming state. This means that the momentum \vidth of 
the photon can be approximated to be ~k, = '~j ~l,·u where/,- is the mean 
momentum of the incoming wavepacket and ~k I is the momentum spread 
of that \Va\·epacket. This is much less than the atomic wavepacket \v1dth tor 
slow atoms. In the rest of this section, we shall calculate the overlap integral 
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to determine whether the photon emission rate can be significantly enhanced 
by the presence of a BEC. 
We now calculate this overlap integral for a specific case, and determine the 
feasibility of producing an experiment which will measure atom-stimulated 
emission. We consider the case where both wavefunctions have a Gaussian 
form, and the excited state wavefunction w ( r , t) is shifted to a centre of mo-
mentum of nko 
<I> (r) ( 
l )3/4 ? 
2 7f z 2 e - ;l; ' (6.8) 
w(r , t ) = -, - i(koi·-w t -(x-vot)
2 
2 _2 
( 
1 ) l/4 ( 1 3/4 
.s(t) 211"/2) e " I e 412,c ,1 e_u ,i," (6.9) 
where l is the width of each dimension of the Gaussian ground and excited 
state wavefunctions, L.v'o = nk;/(2AI), Vo= liko/ i\l, s(t) = 1 + int/(21\ll2 ) is a 
measure of the spreading of the beam, and AI is the mass of the atom. We have 
assumed here that the source atomic beam and the ground state of the trap 
have been perfectly aligned, and that both wavefunctions are isotropic. We 
have set the zero of time at the moment when they are exactly coincident. This 
is possible because we later, Eq. (6.lOt assume negligible spreading over the 
timescale of the interaction with the BEC wavefunction, and that the source of 
the atoms is very close to the trap. This condition can be further relaxed if we 
use the scheme for detecting the stimulated effect that is described in section 
6.3. 
These wavefunctions are chosen to be Gaussian because that is the form of 
the ground state of a harmonic trap for non-interacting atoms. It also allows 
an analytical solution for the result overlap integrals. We shall approximate 
the solution of the Gross-Pitaevski equation as a broadened Gaussian. 
A possible method of producing the excited state atoms would be to pro-
duce a BEC in a second trap, and then use a laser pulse to transfer the atoms 
to a metastable state via a Raman transition. A Raman transition would leave 
the atoms in a metastable internal state with an overall momentum kick nk0 
due to the difference in photon momenta. This method would be appropriate 
when the kick was required to be small. We will show that the largest num-
ber of atoms are drawn into the BEC when a small kick is given to the atoms. 
This type of atom source has several natural advantages for this experiment. 
Firstly, the BEC is a very cold atom source and will allow all of the atoms 
to be in the energy range which can be trapped by the target BEC. Secondly, 
using copropagating lasers to produce the Raman transition will provide natu-
rally the required resonance between the motional state of the atom (Gaussian 
wavepacket traveling with average momentum lik0 ) and the kick (nk0 ) due to 
..J/ltlll. 
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the photon which may be emitted. 
We now make the assumption that the source of the atoms is very clo 
to the condensate, and that excited state wavepacket does not spread during 
the interaction with the target wavefunction cI> (r ) (~ (l ) == l), or precisely that 
W(x, y , z . t ) == w(.r - vat , y , z, 0). This approximation is n1ade for calculational 
purposes, and is true for timescales T << 2.\l 12 /n. This implies the condition 
ko >> 1/( v'2/ ). (6.10) 
We now calculate the fraction f (t ) of atoms spontaneously emitting into the 
ground state under these assumptions. From Eqs. (6.8,6.9) we obtain the result : 
j d3 r <I>' (r ) W(r , l) ~, k.r 
With Eq. (6.7) this gives us 
f (t ) == 
( l' 0 t) ~ 12 [ ( k k 2 J.. ' ) J [ ' I. r, 
B/2 f--2 ·x+ ·o) + ~+k; r I ...,,T(k 1 "t"1, 0 )7] 
if ( Vo I) l 
~ k 2 /'2 
) 
Metastable excited atoms have a very weak spontaneous emission rate. This 
means that we can ignore depletion of the excited state atoms vvhen calculating 
the number of spontaneous emission events. We also ignore depletion when 
calculating the total number of stimulated emissions. Including depletion 1s 
a straightforward extension, and can only become important after the stimu-
lated emission already has increased the total number of emission events bv a 
large factor. 
In an experiment, it is likely that the atoms will travel son1e distance / 
between the source and the detectors which is large compared to the size o 
the atomic wavefunctions, L. The atoms will be emitting spontaneously for thn 
entire distance, but the stimulated emission will be insignificant unless the\ 
are overlapping with the trap ground state. Integrating each of the t\\'O tcrnv-, 
of the right hand side of equation (6.1) with respect to time \Nill allovv us to 
calculate the total number of stimulated emission events and the total number 
of spontaneous emission events. We denote the ratio of these by Ir, \vh1ch J'-i 
given b 
!) /,·2 I ( 6 11 ) R == 
·) \ _ J/ 2 
- • II 
The dependence of this ratio on .\ · \Nas e>...pected, as the ~tun ula ted em1~~1on 
rate is directly proportional to the number of atoms 1n the BEC so the total 
number of stimulated emissions will be proportional to \ , The total number 
of spontaneous emissions is proportional to the time of trc1 , ·el of the e,c1ted 
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Figure 6.2: Ratio (R), Eq. (6.11), of stimulated emission to spontaneous emission. The chosen 
parameters are N = 5 x 106 , D = 2cm and l = 30µm. 
atomic cloud. This in turn is proportional to the distance D, so we expected 
the ratio R to be inversely related to D. The dependence on k0 is a consequence 
of our particular model. 
Fig. (6.2) plots the value of R as a function of k0 , and shows that smaller 
values of k0 produce a stronger stimulated signal. The main restriction on /.: 0 
is provided by the calculational requirement that the excited state wavepacket 
doesn't spread over time. Over the region of the trap, this will be true if in-
equality (6.10) is satisfied. 
Substituting some realistic numbers into this equation will show the fea-
sibility of conducting such an experiment. We choose the number of atoms 
in the condensate to be l\r = 5 x 106 , which has been achieved already in ex-
periments [14]. The size of wavefunction is L = :30pm, which is a couple of 
times larger than current experiments. The total distance traveled by the ex-
cited atoms is chosen to be D = 2cm, but this should be as small as possible in 
a well designed experiment, and in the theoretical limit can be as small as the 
traps themselves. For a value of k0 = 2 x l06 m- 1, the excited state wavepacket 
increases in size by about one percent while passing over the ground state of 
the trap. These parameters give a ratio of R = 2:3 times more stimulated emis-
sion events than spontaneous emission events. If the spontaneous emission is 
..JI/Bil. 
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very weak but still measurable, then there vvill be a significant increase 1n th" 
emission rate when the BEC is present in the trap. 
6.3 Detection of the Enhancement 
There are two possible methods for detecting the emission of photons. The 
first is to directly measure the proportion of excited state atoms which manage 
to pass through the trap. Another method of detection which can be carried 
out simultaneously is to detect the photons which are emitted. Spontaneous! 
emitted photons will come from the condensate in random directions, wher 
the radiation due to the stimulated process will emit in a narrow cone around 
the direction of travel of the excited state atoms. For the parameters used in 
the previous calculation, the maximum deviation from the center of the conn 
would be of the order of 1.9°, corresponding to a solid angle of u.ouu:{ .. -17, . 
This angle is smaller for larger values of k,) and /. The background sponta-
neous emission rate over this small solid angle will therefore be correspond-
ingly reduced, increasing the signal to noise ratio by orders of magnitude. 
If we consider the effect of collecting the light over a small solid angle, \V 0 
can arrange it so that nearly all of the stimulated photons are collected whil 
only a small proportion of the spontaneously emitted photons arc collected. 
We estimate the size of this relative increase by estimating the size of the k-
space resonance and dividing it by the total area of the k-sphere. The k-spacc 
resonance of the stimulated signal for small solid angles can be derived from 
equations (6.7,6.8,6.9t which show that it has a width of approximately I / / . 
This gives us an approximation to the ratio R11 of photons produced by stimu-
lated and spontaneous emission within the reduced solid angle: 
R ~ .\ ' II :_~; 2 I 
Jl ~ (6.12 ) 
We can see that for this detection scheme, if we have It\ large enough to en-
sure a small solid angle (required by our original approximations) , then th 0 
result will be independent of k0 , and will depend only on the size of the cltom1 
wave function. For the parameters given in the last section, this g1 vec, cl s1gncll 
to noise ratio of over :3600, and it would be possible to use a larger tranc,1tion . 
A Raman transition was previously proposed to prepare the atoms in order to 
produce a large population transfer into an atomic state \vith a small energy 
difference, so that the emission would give a small kick. Hovvever, detecting 
the stimulation via the emitted photons may allow the use of a single photon 
transition to produce the source beam. A large kick will also easily allo,v cl 
stronger "no spreading" condition to be satisfied, as we could require that the 
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excited state wavepacket does not spread for the entire duration of the experi-
ment. This is equivalent to requiring that 
k O >> DI ( 2 l 2 ) . (6.13) 
When using this method, it must be noted that for large k0 the depletion of the 
excited state beam will be insignificant. 
6.4 Limitations of the Model 
The analytic form, Eq. (6.11), of the expected enhancement of cross section de-
rived in this paper was found by choosing an explicit and simple form for 
the shape of the excited and ground state wavefunctions. This means that the 
quantitative results for particular experiments may vary, but this is not im-
portant for a proof of principle calculation. In particular, the ground state of 
a harmonic trap will be altered by the presence of interatomic interactions, 
which are modeled by the non-linear Schrodinger equation [101]. The maxi-
mum overlap will be obtained when the wavefunction of the incoming excited 
state atoms is matched to the ground state wavefunction of the BEC. For repul-
sive interactions, this wavefunction will be spread slightly (for an example, see 
the calculation in reference [19]) and therefore the matching might be achieved 
by slightly relaxing the original assumptions, and allowing the excited state 
wavefunction to spread slightly before reaching the target. 
Gravity has not been considered in this model, but will be important over 
the timescales involved with this experiment. It may be possible to utilise 
gravity in a particular experimental arrangement, or it may be necessary to 
balance the gravitational force. This might be achieved with a far-detuned 
light force [61] or an atom waveguide such as a hollow optical fiber [67, 68, 71]. 
As previously noted, it might be desirable to alter the shape of the excited state 
wavepacket to improve the overlap with the target wavefunction. Gravity 
may help this process by compressing or expanding the wavefunction verti-
cally, by launching the excited state atoms upwards. 
We have already mentioned that we have assumed that the excited state 
atoms are not affected by the potential in our model. This assumption is true 
for magnetic traps when the excited state has zero magnetic moment. If an 
experiment requires the shape of the wavepacket to be altered to match the 
BEC wavefunction, it might be advantageous to utilize a non-zero potential 
for the excited state atoms. 
Superradiance will not enhance the background spontaneous emission rate 
provided tha t the source of atoms is sufficiently dilute that on average, the 
atoms are much further apart than one optical wavelength. This condition can 
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be easily satisfied, as there is no fundamental theoretical reason to u~e a high 
density source, and the stimulated effect has been shown in equation (6 .11) 
to be largest when the wavepacket of the atomic source is made as phv~ical\\ 
large as possible. 
We also assume that the effect of collisions between the excited state aton1~ 
and the ground state atoms is negligible. This is true provided the target BEC 
is sufficiently dilute. This is a restriction on the density of the target B[l 
but we have also shown that the stimulated emission rate is maximal \i\rhcn 
the target ground state wavefunction is physically as large as possible. To 
estimate the size of the collision rate for the parameters given in this chapter 
we will assume the atoms have a scattering length of a ~ lOa u, where a , i~ the 
Bohr radius . The collisional cross section is given by Sria 2, which allow~ u~ tu 
calculate the probability that an excited state atom will collide with an a torn 
from the target BEC. This probability is 2 x 10-2 for the values of .\ · and/ gi\ ·en 
in section 6.2. The collisional rate is therefore negligible. 
Reabsorption of the emitted photons by the condensate will reduce thn 
spontaneous and stimulated emission signals by an equal proportion [1 02] 
This effect will not alter the signal to noise ratio, but it would tend to deplete\ 
the target BEC. We have neglected the effects of reabsorption in thi~ model. In 
atom laser models, the reabsorption is much larger because the lasing mode'.:> 
are usually much smaller than our dilute BEC, and therefore the den~ity l'.-1 
much higher. 
6.5 Conclusions 
In this chapter we have shown that it should be feasible to directly n1ca",Ur" 
a process which is stimulated by a large number of bosonic a toms in a c.,1n g ln 
quantum mechanical state. If these experiments can be produced such that the 
stimulated emission completely dominates the spontaneous emission , c.1nd ,1 
significant number of atoms are transferred into the BEC, then this rnay be c.1 
method of increasing the number of atoms in a BEC beyond that made poc,",1bJ, , 
by evaporative cooling. 
This work has since been developed by Savage, Ruosteko~ki, and \vc.1lb 
[103], who calculated the optical emission rate of an excited state beam \vhen it 
passes over two ground state Bose-Einstein condensates. The nto111-st1mulat1on 
depends on their phase difference. This is an optical method for detectin g 
the phase difference between two condensates which doec, not req u 1 re c1 ton, 
detection, \vhich destrovs the condensates being probed. 
Chapter 7 
Stimulation of Beta Decay due to a 
BEC 
Overview 
In this chapter we calculate the conditions required to observe the stimulation 
of a nuclear process, namely beta decay, by the presence of a BEC in the final 
atomic state. This work has been published in Physics Letters [66]. 
7.1 Introduction 
In the last chapter, we observed that the emission of a photon can be stimu-
lated by the presence of a BEC. The same physical principles apply to nuclear 
transitions. It has recently been noted that the rate of gamma ray emission 
from a nuclear process can be altered by the presence of a BEC [104] . This pro-
cess of atom-stimulated photon emission is similar to other proposals involv-
ing electronic transitions [19, 27, 65,100], except that it emphasises the fact that 
any process, including nuclear transitions, may be enhanced. We calculate the 
stimulation of the emission of a massive particle, in particular a beta particle, 
and discover that the necessary experimental conditions are less restrictive, al-
though still impractical for current experimental conditions. The origin of this 
improvement is that the total momentum kick due to the neutrino and the beta 
particle may be zero. 
One of the interesting features of condensed matter physics is that under 
certain conditions, large collections of an even number of bound fermions (i.e. 
atoms) can act as bosons. This occurs when the Hamiltonian describing the 
fields may be written only in terms of creation and annihilation operators 
for the entire atoms. This should be a good approximation for nuclear reac-
tions when there is negligible probability of atomic disruption. It would be ex-
tremely interesting to test this fundamental assumption of condensed matter 
physics with such an exotic example. The stimulation of any kind of transi-
65 
66 timulation of Beta Decav due to a B 
tion by a BEC has not been observed, except indirectly, in the formation of th 
condensate itself. 
Recently there have been several similar proposab to measure the cftcct 
of the Bose enhancement of photon emission in atomic systen1s u~ing a B 
These include the work on light scattering from a BEC [19, 27, 100], the work in 
the previous chapter, and the emission of a gamma ray photon from a nuclear 
transition [104]. It is possible that the light scattering proposal and the SECS 
proposal from the previous chapter may be realised with current condensate~. 
The gamma ray proposal was found to require the construction of a conden-
sate with 10 14 atoms and have a wavefunction which was a metre long in one 
dimension. It also involved two of these condensates fired at each other \Vith 
a very well defined relative momentum which was equal to the recoil kick of c1 
gamma ray photon. This appears to be a difficult experimental task, and thcr 0 
is a strong likelihood that at such energies there would be sufficient coupling 
between the two condensates to destroy them. Atom-stimulation of a photon 
emission is also used to produce a build up of atoms in the ground state of a 
trap in some of the recent models for an atom laser [52, 53, 59]. The atom la~er 
proposals have yet to be realised. 
We analyse a different system in which the stimulation of a 111nssruc particle 
can be detected. We consider a radioactively unstable ion, . \, that is held 1n a 
trap where it will decay into the stable atom, B, as well as a beta particle and 
an (anti)neutrino. 
:-1 B+3+ (7.1) 
The unstable particle A must be an ion so that after the beta decay it will be a 
stable atom of the new species without having to capture or emit an electron 
If there is a second trap which contains a condensate of .\ atom~ of U, then 
there will be an enhancement of the fraction of the nuclear decay vvh1ch goe~ 
into the ground state of the trap, and therefore an enhancement of the O\'erall 
decay rate. It is important to note that only a very small number of unstablt:, 
ions of species . l are needed in the first trap. This is because the number o t 
ions will only affect the count rate, and not the enhancement. We let -, be th 0 
pontaneous nuclear decay rate and I be the fraction of the atomc, \\'h1ch \vill 
be in the ground state of the trap after a spontaneous decay. The total decay 
rate '"'•1 Jt is the sum of the spontaneous decay rate into the non-ground stc.1 tc~ 
and the stimulated decay into the ground state 
rt ot == , ( l - / ) + ( . \ l 1"' - , I \-r .. (7 2) 
It is clear from this equation that for a BEC with a suff1c1ently large number o 
atoms, the decay rate can be detectablv increased, and that the fraction f \Vill 
determine the critical size of such a B e \Vill nO\\ ' calculate th1c, fraction 
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for reasonable parameters. 
7.2 Stimulated Beta Decay 
We denote the center of mass wavefunction of the unstable ion A by w ( x). We 
also denote the mean field of B when it is in the condensate by <I>(x ), and the 
net momentum kick produced by the beta particle and neutrino emission by 
hk. The fraction f of atoms which would decay spontaneously into the ground 
state of the trap for B is given by the overlap integral 
f = l / L J d3 k g ( k) J d3 X iP * ( X) \]I ( X) 2 ik.x (7.3) 
where g(k)d3k is the probability of the momentum kick being between k and 
k + d3 k, and Lis the number of magnetic sub levels in the nucleus. The fraction 
f is reduced by this factor because the beta decay will randomise the nuclear 
magnetic moment. 
The beta particle will be emitted at relativistic speeds, and will therefore 
have only a weak interaction with the orbital electrons. This is due to an ex-
tremely poor spatial overlap between the wavefunction of the outgoing beta 
particle and the bound electrons. After beta decay, there is photon emission 
from the excited electrons which is called inner bremsstrahlung radiation be-
cause it is identical to the bremsstrahlung radiation emitted due to the conver-
sion of the kinetic energy of the beta particles into photons. The spectrum of 
this radiation is continuous, and is reviewed in reference [105]. The absence of 
a resonance structure in this spectrum demonstrates that the electronic levels 
of the atom are not excited by this process. 
The momentum kick distribution g(k) can be found from the dynamics of 
the reaction and the momentum distribution of the emitted particles. Conser-
vation of energy and momentum allow us to determine the magnitude of the 
kick k(p, B) = lkl given to the atom: 
1 [~E2 2 2 2 ~ £ k ( P, e) = -;; 2 + 2 P + rri c + 2 P cos ( e) -11, C C 
l /'2 ~ 2(6.E/c + pcos( e))Jp2 + ni 2c2] (7.4) 
where rn is the mass of the beta particle, pis the momentum of the beta particle, 
~E = Q + nz.c2 is energy difference between the nuclear states of.-\. and B, and 
e is the angle between the beta particle and the neutrino. 
The distribution of the momentum kick is isotropic, and it can be calculated 
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from the momentum distribution of the beta particles: 
rnaI 
( k ) = ip 10 o (k (p. 0) - k ) (/(!) ) (7.5) 
where P max = J~E2/c2 - 1n 2c2, and the function G'(p ) is the momentun1 di--
tribution of the beta particles. This distribution is found from the density of 
states [106], and is given by G(p ) = p2 (:::::,.E - Jp2 + rn 2c 1 ) 2 _\-, vvherc _\- i~ 
simply a normalization factor. We can calculate this factor to be 
= 4 /.5 c2 ( :::::,_ £ 2 / c2 - rn 2 c2) 5 / £ + 
:::::,.£2 / c2 V :::::,_£2/c2 - ,n 2c2 ( rn 2c1 - 2:::::,.L: 2) , 
4/:3 (~£2 /c2 - 1n 2c2)312 (:::::,.£ 2 + n/r ' ) 
5 4 • :::::,. E, + J:::::,. £ 2 - rn 2 r -1 
rn :::::,.E ln 
2 rn ~· 
We now consider a specific case to calculate the overlap integral, Eq . (7.3). 
We consider the case ,vhere both wavefunctions have a Gaussian fonn, which 
corresponds to the ground state of an atom trap containing non-interacting 
atoms. For simplicity, we assume that both wavefunctions are isotropic and 
identical. 
l 
1 
[ x
2 l \J! (x ) = <I> (x ) = ( .• 10 )i exp - l/2 . (7.6) 
where L is related the size of ground state of the trap. We have assumed hern 
that the traps containing the two species have been perfectly aligned . 
The traps which have been used in BEC experiments so far have been n1.ag-
netic, which could trap the two prepared species of atoms, although in general 
the size of the ground state of the trap would be different for each species. In 
an experiment, the traps will have to be chosen so that the shape of the wave-
functions of the two states are as similar as possible. This could be possible 
with dipole force traps [77], which could also be used to prepare the atoms \ 
and B separately and then move them together by slowly moving the trap~. 
The disadvantage with optical traps is that they may excite the atoms, causing 
losses through spontaneous emission. This may be avoided through using ex-
tremely large detunings or the Raman transition scheme [61] vvhich \vac, shovvn 
earlier in this thesis. 
From Eqs. (7.3,7.4,7.5,7.6) we calculate the fraction f ot atoms spontaneous!\ 
decaving into the ground state under our assumptions 
. 11 21, 2 (:::::,.£ 2 _ 177 2c 1)3( :::::,_L 2 + n,2c,1) 
.I = ") c L :::::,.E 5 12 _\- (7.7) 
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This decreases with increasing 6E, which means that the best reaction will 
have a low maximum kinetic energy Q for the emitted beta particle. Exam-
ination of the dependence of f on the mass m of the emitted particle shows 
that beta decay will be stimulated more than a different two body decay in-
volving a heavier particle. From the inverse square dependence on L, we see 
that a small ground state wavefunction will also increase f. The size of the 
ground state wavefunction is determined by the strength of the trap. The ex-
periments which currently have produced a BEC have had traps correspond-
ing to L ~ 2 - 6µm. 
To obtain a reasonable signal from this experiment, it is necessary to have 
enough ions trapped so that a useful number of decays happen over the life-
time of the experiment. Since they must be trapped within such a small region, 
it will be difficult to get more than a thousand ions into the trap. The stimula-
tion will also require a large number of atoms in the condensate. The density 
of atoms in the condensate cannot be increased indefinitely, however, as col-
lisions and interatomic attraction will eventually destroy the condensate. The 
mean interatomic spacing should be larger than the scattering length of the 
atoms, which imposes a condition on L, the size of the ground state wavefunc-
tion. The required number of atoms varies as L2 , so the density will go down if 
larger wavefunctions are used. There is a possibility that the scattering length 
can be tuned with an applied magnetic field, which is true for cesium [107]. If 
this technique can be applied more generally, it would allow quite high atomic 
densities in the trap. 
In the presence of a strong bias magnetic field, the electronic and nuclear 
spins are not coupled. The magnetic moment of the nucleus will be ran-
domised, so the number L of internal states available to the product atom B 
will be 2I + 1, where I is the spin of the final nuclear state. We use this assump-
tion when calculating the results in Table 1, in which we show the number of 
atoms required to double the expected rate of beta decay for several different 
nuclei. This table uses the parameter L = 2µm for the size of the trap. The reac-
tions on this table were chosen so that less than a thousand ions were required 
in the trap to produce a sufficiently large signal. This restriction excluded sev-
eral reactions which used atomic species which have already been trapped, 
and shows that the best results are found using species which have not yet 
been cooled below recoil limited temperatures. 
The first reaction on this table was the (3 - decay of --l2K to -1 2ca, for which 
the decay rate will be doubled if there are 1. 7 x 10 14 atoms in the BEC. If there 
are 10 14 atoms in the BEC, then there will be a 60% increase in the decay rate, 
and this new rate will be one decay per minute when there are 670 ions in the 
trap. These results require extremely large condensates of exotic species, so it 
is unlikely that the stimulation of a nuclear process will be observed in the near 
0 
Table 
Initial 
nucleus 
.i2K 
11c 
1 Si 
timulation of Beta Decav due to a B 
.1: Comparison of the stimulation of beta decay from different nuclei 
Final Half life Q _\' required Ions needed to --i 
nucleus (min) (MeV) to double produce 1 decay n-t1n 
42 Ca (1=0) - -11 
(\ = 1011) -1 
11 B (1=3/2) ~0.4 
1P(l=l/2) 1:-~ 
future. If it becomes possible to produce a BEC with 10 14 atoms, this feasibilit 
study shows that it may indeed be possible to measure the stimulation or a 
beta decay process. The largest BEC produced so far has contained j < IO' 
atoms [14], which is more than two orders of magnitude larger than the first 
BEC produced less than a year earlier [12]. 
As it was for the calculation the previous chapter, which was detailed 1n 
section (6.4), the analytic form, Eq. (7.7), of the result was found by choosing 
an explicit and simple form for the shape of the wavefunctions. This rneans 
that the quantitative results for particular experiments may vary, but this 1s 
not important for a proof of principle calculation. In particular, the ground 
state of a harmonic trap will be altered by the presence of interatomic interac-
tions, which are modeled by the non-linear Schrodinger equation [101]. Thn 
maximum overlap will be obtained when the wavefunction of the unstable 
atoms is matched to the ground state wavefunction of the BEC. For repuls1,·c 
interactions, this wavefunction will be spread slightly (for an example, see th 0 
calculation in reference [19]). 
7.3 Conclusions 
This chapter has examined the feasibility of measuring a stimulation ot beta 
decay by a large number of bosonic atoms in a single quantum mechanical 
tate. It shows that vvhile there is no fundamental obstacle to such an e,peri-
ment, the required condensate population is eight orders of magnitude bevond 
that achieved so far. 
Chapter 8 
Conclusions 
The production of a Bose-Einstein condensate in the laboratory was the culmi-
nation of a series of major advancements in atom optics which have occurred 
over the last decade. Experiments with BEC are providing opportunities to ex-
amine and control quantum statistical effects in ways that physicists have only 
imagined previously, and have settled many hotly debated questions. The his-
tory of the field is that state of the art techniques have become widespread over 
a relatively short timescale. We therefore expect that before too long these ex-
periments will be carried out all over the world. The new goal of many of 
these groups will be to produce a coherent source of atoms, or an atom laser. 
The original motivation for the work in this thesis was to learn how to create 
an atom laser. Several of the results that we have discovered on the way may 
have wider applications in atom optics. 
We have helped establish the feasibility of atomic waveguides made from 
hollow optical fibres. Such an atomic waveguide will be extremely useful in 
avoiding experimental problems when constructing large scale atom optic de-
vices such as atom interferometers or atom lasers. It is unclear at this stage 
whether hollow optical fibres will be practical, as there are several issues that 
are difficult to deal with theoretically. For example, it may be difficult to load 
atoms into such a waveguide without interfering with the atoms, or atoms that 
adsorb to the surface of the glass may block the fibre after a period of heavy 
use. 
This thesis has introduced a new method for producing a mechanical po-
tential for atoms with light fields. We use a Raman transition instead of a 
two-level transition, which has the effect of producing an effective detuning 
for the transition which can be made almost arbitrarily large. Optical poten-
tials for very cold atoms will be limited by the maximum detuning possible 
without interacting with higher levels. This means that this new technique 
allows small potentials to be generated with a much lower spontaneous emis-
sion rate. Magnetic traps can produce potentials with no losses due to spon-
taneous emission at all, but an optical potential is more flexible, and has more 
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degrees of freedom in an experiment. Having t,vo lasers to control ,v1ll ne· -
essarily make experiments more complex, ho\vever, so this technique ~hould 
only be employed vvhen others are impractical. 
The band structure of the energy spectrum of atoms in a hollo,v optical fi-
bre waveguide has been calculated. We have shown that a gap e,1~t~ 1n th1~ 
spectrum, provided that the waveguide is smaller than some 1naxin1unl hol 
radius. This band gap may be used to produce velocity selective ,vaveguidc~ 
for atoms. We noted that the band gap may be altered while the atom~ are 
being guided, and that this may be used to cool the atoms. The practicalit) 
of these devices was shown to be limited by decoherence due to spontaneou~ 
emission, which may be avoided by using our proposed potential induced by 
a Raman transition. Using this band structure in a particular device might be 
restricted by heating processes which can give the atoms enough energv to 
make a transition to higher bands. Further theoretical work might involve a 
detailed analysis of possible heating effects to determine the lim1b the pro-
posed cooling mechanism. 
We have demonstrated that a beam of excited state atom~ may e,penenco 
an increase in its photon emission rate when it passes over a BEC. \Ve shO\\ 
that this stimulation is many orders of magnitude easier to detect \\'hen ob-
serving the emitted photons. Measurement of this effect would be the ultimat0 
demonstration that the object had a large number of atoms in a single quan-
tum state. Further work has shown that this concept may be useful for detect-
ing the relative phase difference of tvvo condensates vvithout removing atom 
from either BEC. This application of a BEC is probably easier to demon~trai-0 
than an operational atom laser, and could therefore fill the role of a "~tepping 
tone" experiment. If such an experiment vvas to be performed, a nlore careful 
analysis of the v..1 avefunction overlap ,vould have to be performed, taking into 
account the atom-atom interactions and the effect of the trap on the excited 
tate ,vavepacket. this calculation would also take into account the finite tem-
perature effects \·vhich ,vould require a more detailed field theoretical analys1~ 
of the expectation \·alue given in Eq.(6.5 ), \Vhich takes into account the pres-
ence of quasiparticle excitation...,. 
In this thesis \\'e ha\·e presented a generalization of the optical input / output 
theory to describe atomic fields. We have produced equations of n1otion for 
a single mode atomic ca\·ity coupled to the freely evolving e,ternal n1ode..., 
These equations \\'ere then solved by a method using Laplace transforms, and 
\\·e ha\·e derived perturbati\·e solutions. In the limit of \·ery ,veak couplin< 
the solution is trivial, and ,ve also sho,v results for the sv~tem in the limit o · 
.; 
broad output coupling. \\'e determine the conditions required to produce an 
output \Vith a very small hne,vidth. This understanding 1s \·1tal to the error 
produce an atom la~er. 
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In the future, it should be possible to refine our proposed design of an atom 
laser based on hollow optical fibres. There are also many extensions of the in-
put/ output theory which would help model real systems. The most important 
limitation of the model as presented in this thesis is that it cannot simply de-
scribe a pumping process. It is therefore important to produce a model of an 
open system, and attempt to produce a set of steady state equations for the 
output of an atom laser. Without a pumping source, we cannot model effects 
such as gain saturation, so the linewidth of a steady state atom laser will re-
quire a more advanced model. 
.
.
.
_
 
C V)
 
.
.
.
.
.
.
 
Details of Band Structure 
Calculation 
Appendix A 
In section 4.3 the Schrodinger equation was shown to reduce to the two di-
mensional equation: 
-----+---+ W =O. l 82 1 8 rn 2 82 211 I ( V - £') l 8r2 r 8r r 2 [J::; 2 n 2 (A.1) 
In the full three dimensional case, shown in Eq.(4.4), the longitudinal co-ord inate 
satisfied the conditions for Bloch's theorem. The shift to cylindrical coord i-
nates and solution of one of the degrees of freedom has not changed that fac t, 
so we make the substitution: 
00 
iT, ( 1 :-) _ ikz ~ A( · ) -1-1.rr/ :/\ 
'l' k 1 , ~ - e :--1.1 r e (A.2) 
l=- (_X) 
This leads to the eigenvalue equation: 
l 
82 1 8 rn 2 2 21\ I' · 1 I k -L -a 2 ---8 +-2 +k1 + 2 .-l.. ,t , __ 
1 r r r r Ii 
(A.3) 
2A1E 
_ ~ I 1/::1: 
- ·) L..t :----1. ,e . 
/i - I 
where kf = (k - 41r l / >. )2 • The potential is multiplicatively separable into lon-
gitudinal and radial components, V(z, r) = ,1z (::)V',-( r). 
To transform radial wavefunctions into Fourier space, we consider Eq(A. l) 
and replace w(z, r) with <I> (z, r) = r1l 2 w(z, r). This leads to the Schrodinger 
equation: 
_ 82 <I> _ 82 <I> (rn 2 - ± 2NI (1i - E) ) _ 
a 2 a 2 + 2 + ti2 <I> - o. r z r i (A.4) 
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We then produce the final version of the Schrbdinger equation: 
I: I: [ ( q, + (2·;;" f) 01.1, 1\J' 
/ 1 • I 
( 1\ . ::; ) 
JI.I' ( R rn2 - .!. 
,1 
J 
~ ( n-n ' )r-/ H,j ,-
o r 2 
\ ;~/ 1 \ :-n'] A11 ,n1 h 
where 
') ). 
'
·- ~ j 4 ·J 'I .:. ·z ~ 1 I . / =)., i 1 (:::) yc4r.do/\ d::: ( 1\. 6) 
and 
\ ·r _ 1 f R ·r 
n - R Jo ' (r )c2nnr/ Rdr ( 1\. 7) 
and 
<I? r- ( r: :; ) = I: I: . -l,. n (/ k I z e - z 2 r. Tl,./ H . (A.8 ) 
l=- ex; n =- 0 
We may now perform a numerical calculation of the atomic en.erg\ ...,pcctrun, 
by finding the eigenvalues of the matrix given in Eq.(A.5). 
This seems an unusual numerical method for solving the Schrod1nger equa-
tion in cylindrical coordinates, as the most obvious transformation to make on 
Eq.(A.3) is the Hankel transform, which expands the radial \Va\·efunct1on~ 1n 
terms of Bessel functions and removes the singularity. If we do th1..., u<-,1ng th 0 
notation A 11 ( f{ ) = J0~ · dr rA ,(r)Jm( h:r ) we can show that: 
\vhere 
and 
l ..... I t 2 2 - - I c1h L {(h + k,,)01.1'6( ,., - ".) 0 I 
'
·:: '\ .,.( ' ) } .111( ' ) '.!..\fl: .1 l - I' h f{ . h- .Al' h-. = t, 2 .A l f { ) 
\ 
. r ( I 
h . . f·t ) = \ · r ( 1' ) l' .J , ( h. r ) .J m ( ,-/ /' ) r/ /' 
:!..\I:... 
1/= // ,,\ 
>. 
1 
\ ·:(:;)· (1 •l dz/ ,\ / -
>. . ( -
4 
(A .9) 
\ . 10) 
(,\ ll ) 
For the purpose of producing a numerical calculation, the 1nd1cc~ on the \va v0 -
function components must be reduced to a finite set. Placing the Hankel co-
ordinate "- on a grid is unsatisfactory, as there is very slovv convergence tor 
the integral defining\ ·, 1 f-l. f-l ') , and it converges very slowly for large 1{ . This is 
\vhy a better numerical performance can be achieved by tranc,forming Eq. (1\ .3) 
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into Fourier space. 
The eigenvalue problem was formulated as a MATLAB program, with ex-
ternal functions providing the form of the potentials vr ( r), and V 2 ( :- ) • The 
validity of the algorithm was tested by calculating the spectrum for potentials 
with known solutions. For constant potential, the energy spectrum converged 
to the expected free particle result, E = (nk)2 /(2M) + Va. When the trans-
verse potential was given the form of a harmonic oscillator, ,1 r ( r) = !wr 2 , it 
was found to produce a transverse spectrum of equally spaced bands with a 
spacing of ~E = nw, which agreed with the analytical result. 
The actual form of the radial potential was found by solving the set of equa-
tions given in the appendix of reference [67], which define the optical mode 
carried by the fibre. These equations are obtained by standard methods [95] . 
We use cylindrical polar coordinates {r, ¢, z }, and write the components of a 
field A by { ar, ari>, a 2 }. The fibre has a constant refractive index in the core, 
which is over the range Pi < r < p2 , and beyond that has a lower refractive 
index. We make an ansatz for the solution: 
where 
1 
ci l v(Ur/pi)e ivrJ> 
ez(r,9) = (c2 Jv(Xr/pi) + c3l'~(){rjpi)) eivd> 
C4 l{v(Wr/ pi) eivri> 
u = PiVf32-k2 , 
X = Pi Jnpk 2 - /3 2 
HI = pi J /3 2 - n (] k 2 . 
(I) 
(II) 
(III), 
(A.12) 
nF,Cl were the refractive indices of the core and cladding respectively, IJJ , I\-v , 
l v and}·~ are Bessel functions of integer order v = 0~ ±1 , ±2 . ... , and c1 ..... c4 
are unknown constants. 
The solution for h 2 is identical to Eq. (A.12) with the substitutions c2 -+ 
h: and four additional constants en -+ cn+4 • Matching these solutions at the 
hole-core interface Pi and at the core-cladding interface p2 leads to eight linear, 
homogeneous equations for these eight unknowns. The nontrivial solutions 
determine the electromagnetic eigenmodes of the hollow fibre. 
For the piecewise constant refractive index profile, we must ensure the con-
tinuity of H, the tangential component of the electric field Et and the normal 
component of the dielectric displacement vector c0 n 2 En. We find that this is 
equivalent to demanding the continuity of hz, hr/> , hr, ez, er/> and n 2 e,.. We 
also show that it suffices to demand the continuity of hz, he/> , e 2 and e0 at both 
boundaries. This leads to the following set of equations. 
. -. 
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ontinuitv of fl_ at both boundaries implies: 
Continuity of h 
Continuity of _ 
Continuity of L ,:, · 
- /1 (l') == cli./1 (.\' ) ,)1 (.\' ). 
' 
-]\'L( ll ') := JI(.\) '); (_\' ). 
I v( ).: )+ C,PHl~_(.'\) - C:;J)f f 1(C) 
ik ff.Q ( 2 r[ I r 
== - - n F J) I J . \ C 2 .f1 ( _ \ ) 3) ; / ( .\ ' ) 
V µo 
1/lf [ 1;w )). 
- -
J) CI I v ( ); ) + C, J) CI ) ~ ( . \' ) - C\ J) F f \. 1 ( \ \ • ) 
ikp2 !Ii_ (11f..1>c X [c, .1; (.\' ) 
Jvp1 V /-lo ·3 ) ;'(. \' ) 
- <1112-J! / I\ . /< (I()) . 
1Iv(C) == C2.f1 (.\ ') + C3)~(.\'). 
- - -
4[{v(Hl) == C2 .ft(.\ )+ C3 1 ~ (.\ '). 
'2JJ11.f1 (_\ ) C3/Jfl l . (_ \ '1 - C1/JJ f ({.) 
/ l O ( (':, JJ I { . J I ( { • ) 
to 
- I) I I . \ . (II.}/ ( . \ ' ) ; \ ', ( \ " ) ) . 
- -
J)c1.f v( .\) + C3/J( ) . ( . \ ') - ( 1/Jf 1\·1 ( { V) 
1kp ~ · 2 ~ (c,111 \\ /\·;,( \·\ ·) 
illo 1 (o 
- I 1c 1 -\ . ~ <\) .J ;, \ ' + < - ) 'I \ . I I · 
(A.13) 
(A.14) 
(A.15) 
(1\.16 ) 
(A.17) 
(A.18) 
(A.19) 
(A.20) 
\vhere -J i~ the propagation constant \vhich 1s determined by thec,e equationc,. 
\Ve used the abbreviations 11 11 == l,· 2 - J- and 11r.c1 = 11 f..c/· 2 - .r·. The tilde 1n 
79 
some of the equations indicates that the argument of the various Bessel func-
tions has to be taken at the core-cladding interface, e.g. );_ = X p2 / p 1 . The 
algorithm which solved these equations by a fixed stepsize Riemann integra-
tion was verified by repeating the calculation in reference [67], and finding 
that it produced the same results. 
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Appendix B 
The Numerical Inverse Laplace 
Transform 
We can decompose an arbitrary inverse Laplace transform into two real valued 
inverse Laplace transforms. Let 
f (t ) = R(t) + i :s( t ) (B.1) 
where R( t) and S:( t ) are real valued functions, then the Laplace transform is 
L(J) (a + i b) = f 0 dt R(t ) e-at cos( bt) + fo'00 dt S-(t) e-at sln(bt) (B.2) 
+ i {lee, dt S-( t ) e-at cos( bt ) - f '' dt R (t) e- a t ,/n(bt) } 
where a and bare real numbers. Each of these terms has a definite parity with 
respect to b, so we can decompose the Laplace transform g(p) = £ (f)( p) into 
functions from which we can reconstruct the functions ?R( t) and :}( t ): 
£ (R )(p) 
£ (:S)( p) 
Re(g(p) + g(p")) + i { I rn(g(p) - g(p")} 
2 
Re(g( p) - g(p><)) + i { I rn(g(p) + g(p")} 
-) . 
~ l 
(B.3) 
(B.4) 
In section (5.7), we were posed with the problem of performing an in-
verse Laplace transform in order to solve Eq. (5.20). We have shown that this 
problem is equivalent to solving a real valued inverse Laplace transform. We 
have solved this equation using Crump's method [108], which has been im-
plemented in one of the standard algorithms found in the NAG FORTRAN 
libraries. This routine was labeled c06laf, and it returns the real valued inverse 
Laplace transform of a function. 
The routine had builtin error detection, and quoted the uncertainty of each 
result. If the solution became unstable an error message was generated, but 
often the solution could be stabilised by altering one of two independent pa-
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rameters. The optimal choice of parameters was not obviou~, and could not 
be generated canonically, which was why they were input a priori by the u~er. 
The routine was verified by applying several test functions \vhich had an-
alytical solutions for the inverse Laplace transform. An exponential function 
with real and imaginary exponents was tried, and produced ansvvers in agree-
ment with the analytical result to half of the quoted error. The routine abc 
gave correct answers for the inverse Laplace transform of the function~ I J ;, 
1 / p2, and 1 / ( p2 + a 2 ) . 
The numerical inverse Laplace transform is notoriously difficult to perforn1 
for difficult functions. As the parameters r and t were increased it becan1n 
increasingly difficult to find combinations of the free parameters that would 
allow the problem to be solved without generating an error message. This wa 
true of several different solution methods, which is why numerical n1ethod~ 
are quite limited in solving this problem. 
Appendix C 
An Atom Laser Based on Raman 
Transitions 
In section (5.1), we briefly described an atom laser which had output coupling 
based on Raman transitions. This appendix gives more details on this model. 
The model was conceived by our group working collectively, but the calcula-
tions in this appendix were performed by Glenn Moy. This work has appeared 
in the Physical Review [59]. 
To create an atom laser from a BEC we must couple the atomic trap to the 
outside world. The BEC must be continuously "pumped" so that it does not 
deplete over time. The output coupling is also essential for the production of 
an output beam, and this has been dealt with in detail in chapter 5. The model 
in this appendix differs from previous models due to our description of a spe-
cific method for coupling the atoms to the outside world which is physically 
realistic. We also propose a specific implementation of our atom laser scheme 
using hollow optical fibres. This has several advantages, including providing a 
directed output beam, and minimization of the reabsorption of spontaneously 
emitted photons. 
C.1 Atom Laser Scheme 
The model consists of atoms with four energy levels, as outlined in Fig.(C. l). 
Level 11) is the input pump level, level 12) is the lasing level and level 14) is the 
output level. Level 13 ) mediates the output coupling Raman transition. There 
are two atomic cavities for confining atoms in states 11) and 12). One of these 
cavities, the lasing cavity, traps atoms in the level 12). We \Nish to build up a 
large number of atoms in the lowest mode of the lasing cavity. The other cavity, 
the pump cavity, traps a large number of atoms in the internal metastable level 
11). The two cavities are spatially overlapping, see Fig.(C.2). 
Cool atoms with the atomic level 11) are injected into the pump cavity. 
Atoms change from the pump level 11) to the lasing level, 12) at a rate r 12 due 
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13) 
Pump level 
11) 
12)--~-
Lasing level 
~ 
WI m2 
Output level 14) 
Figure C.l: Schematic diagram of atomic states and output couplmg laser-., 
to spontaneous emission. In a similar fashion to the SECS model gi vcn in 
chapter 6, we find that when a large number of atoms build up in the ground 
state of the lasing cavity (the lasing mode), there will be a Bose enhancen1cnt 
of that transition rate, and it will soon become the dominant transition. Onrn 
this process begins it will be a runaway effect, and it will be "seeded" by the 
fact that the wavefunction overlap will be largest for the lowest energy sta tc. 
Tunneling losses out of this state are also lower, causing an initial build up of 
atom population in the lasing mode. 
Both cavities are formed using hollow optical fibre waveguides to prov1dn 
the transverse confinement, and the longitudinal confinement is created b\ 
using light induced potentials from blue-detuned lasers shone transvcrc.,cl 
across the waveguide. The transverse lasers for the lasing cavity arc n1 uch 
closer together than in the pump cavity, producing a much larger energy level 
spacing. Due to the large overlap of the ground state of the lasing cavity \N1th 
the lowest pump cavity modes, only the ground state becomes significant! 
populated. To maximize this overlap the input atoms must be pre-cooled to 
a few hundred nanoKelvin so as to populate the lower energy states of tlv-' 
pump cavity. Such temperatures can be achieved by evaporative cooling. 
A Raman transition transfers the atoms from level ll to a final atomic l 
14). The two lasers are confined to the lasing cavity, and are shone diagonal! 
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w2 
Outp_ut 
beam. 
~ 
Lasing Cavity ""' 2 µm 
........_ __, 
v' 
Pump Cavity ::c::100 µm 
Figure C.2: Schematic diagram of a possible implementation of our atom laser model using 
a hollow optical fibre. The lasing cavity is confined to a region of size "2µm. The pump cavity 
is approximately lOOµm long. The input coupling is by a partially transmitting atomic mirror 
for atoms in state 11), indicated by the laser on the left of the figure . Lasers are also used for 
the other end mirror of the pump cavity, and for the lasing cavity. The two lasers ..v 1 and w'? are 
the output coupling lasers. They are localized to the lasing cavity, and provide a momentum 
kick along the longitudinal axis of the fibre as shown. 
across the cavity so that they are counter-propagating in one direction (the lon-
gitudinal direction) and co-propagating in the transverse direction, Fig.(C.2). 
This gives a net momentum kick in the longitudinal direction which pushes 
the atoms out of the interaction region. 
For a fibre with a hole of diameter~ 2µm it is appropriate to model the con-
fining potential in the transverse direction as a harmonic oscillator potential. 
In the longitudinal direction we model the confining lasers for the pump cav-
ity as a square well, and those of the lasing cavity as a harmonic oscillator. One 
possible problem with coupling the pump and lasing cavity by spontaneous 
emission is photon reabsorption. A simple argument suggests that reabsorp-
tion might reduce the number of atoms in the ground trap state. However, 
Cirac and Lewenstein [109] have shown that under certain conditions reab-
sorption may increase the number of atoms in the ground state. Moreover, 
reabsorption can be circumvented by ensuring that the lasing cavity is smaller 
than the mean free path of a photon, as suggested by Spreeuw et al [53]. This 
can be achieved by using hollow optical fibres with hole diameters comparable 
to the photon wavelength. 
Atoms enter the system from a cooled thermal source. We consider an ini-
tial rate of atoms entering this cavity which we call the pump rate, r 1 . The cou-
pling between the pump and laser cavity occurs through spontaneous emis-
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sion. The rate of transfer of atoms from the pump cavity to the la~ing cavit) 
depends both on this atomic transition rate and on the average \rvavefunction 
overlap between the modes of the pump cavity and the lasing cavity . 
The pump cavity is modeled as a square well with sides of length 100,,m in 
the longitudinal direction. The lasing cavity is modeled as a three dimen~ional 
harmonic oscillator. The lasing cavity is displaced a distance .r == I\Jlm from 
the center of the pump cavity, which places it at the edge of the pump cavit}. 
For definiteness, we consider a spontaneous emission kick from the l > _,, 11) 
transition of magnitude k0 = 106 m - 1 which corresponds to an infrared tran-
sition. We calculate the average overlap, 91 , between the pump state~ and the 
lowest energy state in the lasing cavity, for a spontaneous emission kick of 
magnitude 106 m - 1 to be 91 = 0.00571. The overlaps, 91 with the higher e>-.ited 
states (j > 1) are smaller, with the next greatest overlap, 92 == O.OO:{(i1 occurring 
with the state nx = 1, 17.y = n z = 0. 
C.2 Output Coupling 
Other schemes for atom lasers [52-56] have not given a description of a pra· -
tical output coupling mechanism. We present here a method of switching the 
atomic state of the atoms, using a Raman transition, to allow output coupling 
from the system. A pair of lasers at frequencies w 1 and w2 induce a Raman 
transition from level 12) to the output level H) of the atom, see Fig.(C.1). Thi~ 
output level is not trapped. We require a coherent transfer of the population 
from level 12) to level 14) for our atom laser output. To ensure that the transfer 
is unitary we require negligible spontaneous emission from level :~ . 
Modeling the lasers as plane waves, the final state of the atoms 1n the lon-
gitudinal direction will correspond to the initial wavefunction in the ground 
state of the lasing cavity combined with the momentum kick J.hk1 •• In the tran----
verse direction, the output state of the atoms remains the ground state mod 0 
of the hollow optical fibre. This is achieved using output coupling laser~ with 
a sufficiently narrow linewidth compared with the separation of the la~1ng 
cavity transverse energy levels. By suitably tuning such Raman lasers to th 0 
output atomic level it is impossible for the atoms to excite into a higher tran~-
verse mode of the fibre, as the energy required to change internal atomic levels 
and excite the atoms to a higher transverse mode is higher than the availabl 
energy from the Raman photons. For a fibre approximately 1,,m 1n diameter 
this requires the Raman lasers to have a linewidth of onlv a few kHL, v,.1h1ch 
can be achieved by active stabilization. 
The output coupling is achieved by shining two lasers d1agonallv aero 
the lasing cavity. This has the dual purpose of localizing the interaction re-
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gion, as well as providing a total momentum kick, 21ikx, directed along the 
longitudinal axis of the optical fibre (the transverse components cancel). The 
atoms move out of the interaction region due to the momentum kick, thus 
forming the atom laser beam. For definiteness we arrange a value of 2kx = 
1.31 x 107 m- 1 . This value could be achieved using lasers with wavelengths 
A = 480 nm oriented at 60° to the long axis of the fibre. It is possible to produce 
light of this wavelength with a frequency doubled titanium-sapphire laser. As-
suming a typical atomic mass m = 10-26 kg and size of the interaction region, 
lx = 2 x 10-6 m, we find that the timescale on which atoms leave the system 
due to the momentum kick is t0 = 1.5 x 10- 5 s. 
C.3 Threshold 
One important characteristic of the optical laser that is observed in our atom 
laser model is the presence of a threshold condition. This threshold condition 
occurs in an optical laser when the net amplification between the mirrors for a 
single photon circulating the cavity equals the loss at the mirrors. Similarly for 
the atom laser threshold, we consider atoms injected into an otherwise empty 
system. The threshold condition occurs when the single atom input rate into 
the lasing cavity, g1 r 12 , is just sufficient to dominate the loss rate, r 2-1 . 
We may find the steady state population of the lasing mode by solving 
basic rate equations for this model [59]. The solution is given by 
N21 = f [(RJ - (1 + L g1 ,_V2J') ) + 
....,g} ) If. J 
I 
( ( R 1 - ( l + 
1
~ g 1 , .Y 2 / ) ) 
2 
+ 4 R 1 g 1 ) 
2 
(C.1) 
where N2j is the population of the j th mode of the lasing cavity, and the R1 are 
dimensionless pumping rate parameters, given by 
Rj = r1g1 
T24 
(C.2) 
In the regime where the populations of all but the ground state mode are 
negligible, the steady state equations given in Eq. (C.l) reduce to the form 
1
'l21 = -
1
- [(R1 - 1) + /( R1 - 1)2 + 4R1g1] . 
2g1 
(C.3) 
This result is analogous to the standard laser population equation and equiv-
r 
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Figure C.3: Plot of the steady state number of atoms m the lasmg n1ode, .Y'.! 1 c1..., a function 
of the dimensionless pumping rate, H1. Average overlap, !Ji = U.UO:>r l. Thre~hold OLcur..., at 
R1 = 1. 
alent to results of Spreeuw et nl . [53]. We assume numerical value~ for thn 
transition rates, r 12 = 0.1 s - 1, r 21 = 0.11.1 s- 1 and for the wavefunction over-
lap, g1 = 0.00.571. These parameters correspond to a particular implcmentc1tion 
of our scheme using hollow optical fibres. A logarithmic plot of the number 
of atoms at steady state in the lasing cavity, \'21 , as a function of the dimen-
sionless pumping rate I?, 1 is given in Fig.(C.3). The threshold pumping rate 1c.., 
R1 = 1, which corresponds to an input pumping rate, ,· 1 ~ 21.~\ r 1 
C.4 Conclusion 
We have presented an atom laser model, discussing input and output coupling 
mechanisms as well as a possible implementation of our scheme in hollO\'\' op-
tical fibres. The actual properties of the output beam will depend strong! v on 
the coupling rate, as described in chapter 5, but we can use the technique~ 1n 
that chapter to calculate them reasonably easily. This is made simpler by th() 
fact that the Raman coupling scheme can be well approximated bv a broad-
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band coupling, and the analytical solution from that chapter can be applied. 
This work has been presented by Moy [99]. 
We found that for reasonable parameters we get a large build up of atoms 
in the lasing mode, above a threshold pumping rate, in a manner analogous to 
the threshold found in optical lasers. 
.......-
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